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PREFACE 
This thesis includes two volumes. Volume 1 is the body of the research. Volume 2 
contains the research reports, experimental results, and research papers. 
ABSTRACT 
Fibre reinforced concrete and shotcrete have often been used in tunnel linings and 
in other applications such as industrial floors and pavements. The mixing of fibres into 
concrete or shotcrete can cause the material to resist the opening of cracks during failure. 
The design of these materials is not the same as for normally reinforced concrete, and 
there is not much in the way of rational design methods currently available. In relation to 
tunnel lining design, the phenomenon of rock mass squeeze out, or the use of rock bolts 
to anchor the rock base can lead to point loads on a fibre reinforced shotcrete lining. 
Therefore, this thesis investigates and develops the use of beam and panel tests which can 
be related a point load capacity to tunnel lining behaviour. The round determinate 
supported panel developed by Bernard (1999), is used in this manner for the evaluation of 
post-cracking behaviour in fibre reinforced concrete and shotcrete. Constitutive modeling 
of the behaviour of these panel specimens was carried out to assist in the interpretation of 
test results in the context of tunnel lining design. Yield line theory was then used to 
analyse the post-cracking behaviour of the fibre reinforced concrete and shotcrete panels 
to evaluate failure criteria. The cracks in round panels are always located at different 
positions in each panel test randomly. A probabilistic distribution function of crack 
position has therefore been determined using standard goodness of fit tests. The 
distribution function was then modelled using a Monte Carlo method to assess the effect 
of crack position on post-crack behaviour using yield line analysis. Experimental and 
numerical analyses have also been carried out to extend the experimental data and to 
assess the effect of thickness on the post-cracking behaviour of fibre reinforced shotcrete 
beams and panels. The test data from centrally loaded beam and round determinate 
supported panel tests was used to calibrate the numerical models. The principal outcomes 
of the research were successful modelling of post-crack behaviour of fibre reinforced 
concrete and shotcrete using yield line theory and prediction of cracking loads. 
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CHAPTERl 
INTRODUCTION 
1.1. GENERAL 
Sprayed concrete has been known and used in civil engineering for more than 90 
years. The generic name "shotcrete" was introduced by the American Railway 
Engineering Association and has been adopted almost universally. The Cement Gun 
Company (Allentown Equipment) invented the process of spraying concrete in 1907. Use 
of the new technology grew rapidly and some related companies were formed. However, 
sprayed fibre reinforced concrete has been used in tunnel linings for only three decades 
and has become ever more popular due to improvements in mix design, fibre types, 
testing equipment and methods, shotcreting equipment and so on. The mixing of fibres 
into concrete has provided the possibility of eliminating the application of wire mesh 
which is dangerous and time consuming to place, while the concrete fibre mix can 
generally meet requirements for the ground support applications. In concrete stmctures, 
fibre reinforcement is used to improve energy absorption, resist tensile cracking by 
bridging unavoidable cracks, and improve resistance to fatigue and post crack ductility 
compared to plain concrete. In order to quantify the benefits of adding fibre, a number of 
post-cracking test methods have been developed, which has facilitated the development 
of a variety of fibre types and different concrete mixes. The development of these test 
methods has been canied out to predict the post-cracking behaviour of fibre reinforced 
concrete and to characterise the influence of different mixes and fibre types. During the 
last 30 years, researchers, engineers, and practitioners have been investigating the 
application of fibre reinforced concrete (FRC) and shotcrete (FRS). Knowledge and 
understanding of this material gradually has thereby increased which has been 
accompanied by a gradual increase in the use of FRS and FRC in tunneling for ground 
support, and in other structures. However, although its use today is widespread, our 
understanding of how it behaves structurally is limited and its application assessment is 
somewhat subjective (Grant et al2001). 
Today, fibre reinforced concrete and shotcrete has been used in applications such 
as tunnel linings, mines, and industrial floors, and in the construction of structures 
including water tanks, domes and swimming pools because of the fast placement and 
effective lining properties it exhibits compared to normally reinforced concrete. 
However, it is difficult to design with this material and correlate the performance of the 
material with in-situ behaviour in structures. The reasons for this include poorly defined 
loads associated with ground support, insufficient data describing the mechanical 
properties of FRC, and the lack of a proven method of structural analysis that can be used 
to predict the load bearing capacity of a lining for a given set of concrete properties 
especially when these properties include strain-softening behaviour (Bernard 1998b ). As 
a consequence of these limitations, the design of sprayed tunnel linings is currently based 
on a combination of experience and empirically based material performance 
specifications (Vandervalle 1996). In general, the design of structures using this material 
is normally based on experience combined with engineering knowledge. 
The analysis of FRC and FRS includes not only the elastic stage but also post-
cracking stages of load-deflection response. An elastic analysis is advantageous and 
simpler than an inelastic post-cracking analysis because the stresses and strains can be 
easily related. Some numerical methods have been developed to predict the theoretical 
moment-curvature and load-deflection behaviour of reinforced concrete beams and slabs 
upon cracking. Furthermore, the relatively simple post-crack behaviour of conventionally 
reinforced concrete structures has allowed the ultimate (limit state of strength) behaviour 
of such structures to be determined with relative ease, but this has not been so for FRC 
and FRS structures. The addition of fibres into a concrete mix can provide an ability to 
carry load after cracking and substantially increase the ductility of the concrete but the 
strain-softening that is typical of commercially viable FRC is difficult to analyse by 
conventional means. A numerical analysis is therefore required to take into account post-
cracking behaviour. A tool that is capable of interpreting, or deriving the post-crack 
behaviour of FRC structures is yield line theory (Johansen 1972). Whilst the method has 
been used by engineers and researchers for decades, the use of the method in the analysis 
of FRC and FRS structures has been limited, possibly because the behaviour of fibre 
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concrete mixes is quite different from normal concrete after cracking. One of the more 
significant problems concerning researchers in FRC and FRS at present is the behaviour 
of this material after the formation of cracks. 
1.2. BACKGROUND TO PROJECT 
Based on the observed phenomenon of rock segments squeezing out of a highly 
stressed rock mass surrounding a tunnel, and rock bolts anchored within a rock mass, a 
point load is generally considered to be a mode of loading imposed on FRS tunnel 
linings. This mode of loading involves the imposition of a point load on part of a 
continuous lining so the capacity of the lining to withstand point loads is therefore an 
important design parameter. However, theoretical means of predicting this capacity are 
presently unproven and relatively poorly understood (Bernard 1998b). A rational yet 
simple method of structural analysis that permits the load bearing capacity of a lining to 
be determined on the basis of the point load capacity of a panel or beam is not available. 
Many researchers have therefore attempted to develop various test methods to measure 
the load-deflection relation or the energy absorbing capacity of wet and dry-mix steel or 
synthetic FRS. A large number of tests have been developed and are available to assess 
the performance of beams and slabs manufactured from FRC and FRS. These include 
various third point loaded beam tests (ASTM C-1018, 1997, JSCE-SF4, 1984) and panel 
tests such as the square panel tests (EFNARC 1996), South African water bed test 
(Kirsten 1997) and round determinate (RD) supported panel test (Bernard 1998a). Issues 
that require consideration when selecting the most appropriate test to use for performance 
assessment purposes include the reliability of results, the cost of testing, and whether the 
sample is truly representative of the in situ concrete. In all of these respects, the RD panel 
has been shown to be highly effective (Bernard 1998a) when used for quality assurance 
testing and has become a commonly used method to assess the characteristics of FRS in 
ground support within Australia. This test has recently been published as ASTM standard 
test method C-1550. 
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The intention of this thesis is to contribute to the development and applications of 
FRC and FRS structures that may be of use for in future research and design methods for 
these materials. 
1.3. OBJECTIVE 
The general aim of this thesis is to develop a constitutive model of structural 
behaviour in FRC and FRS round panels to predict post-crack load capacity in more 
general structural applications. The thesis has included a number of means, including 
laboratory investigations that have yielded data for comparison with numerical analyses, 
to model the behaviour of FRC. The numerical method of yield line analysis coupled 
with a probabilistic format, has mainly been used in the investigation. 
The specific objectives of this research are: 
To obtain the non-linear post-crack load-deformation response of a number of 
FRS and FRC mixes based on moment-crack rotation relationships developed 
from tests on beams made using these materials. This data has been applied 
using yield line analysis to the modeling of the panels. The experimental 
results from four sets of concrete mixes using beam and panel tests have been 
applied in numerical analysis for comparisons between test and theory. 
To incorporate the distribution function of crack angles measured in numerous 
RD panel tests into a Monte Carlo Simulation (MCS) analysis to derive the 
post-cracking relationship between load and deflection in the panel tests. The 
probability distribution functions (PDF) of crack positions in the panels can be 
derived using standard goodness of fit tests. 
To assess the influence of the beam and panel thickness on the post-crack 
behaviour of FRS. The experimental results from three sets of concrete mixes 
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using beam and panel tests for different thickness have been used in numerical 
analysis and comparisons between experiment and theory. 
To predict the moment-crack rotation relations of the beam using the post-
crack load-deflection relations of the RD panels. 
1.4. OUTLINE OF THESIS 
The outline of this thesis is described chapter by chapter as follows: 
Chapter 2: The state of the art focusing on fibre reinforced concrete, shotcrete, 
testing methods, yield line analysis and the backgn;mnd to the numerical work in yield 
line analysis is presented. 
Chapter 3: The procedures for testing beams, RD panels, concrete cylinders and 
the components of four sets of concrete mixes are described as well as analyses of the 
experimental results from those tests. All data were used to assess the behaviour of the 
FRC panels and mainly serve in the numerical analysis and comparison with the 
theoretical results. 
Chapter 4: A yield line analysis for a RD panel is derived in order to determine 
the collapse load which is then applied to the non-linear post-cracking behaviour of a 
panel. The relation of moment and crack rotation in the beam tests is used as the input. 
The numerical analysis is carried out for four sets of FRS panels. 
Chapter 5: The PDF of crack position in the panels are deduced on the basis of the 
Chi-square test for goodness of fit. The mean, variance, cumulative frequency 
distribution and coefficient of variation are estimated for the assessment of distribution of 
crack positions in the panels. Yield line analysis is combined with a MCS analysis using 
the distribution function of crack position, in order to derive the post-cracking relation 
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between load and deflection. MCS results of cracking loads of the panels are also 
determined. 
Chapter 6: The test data of the beam and RD panel specimens for different 
thickness types are presented in this Chapter. The curve fittings of the beams and panels 
are undertaken for each different thickness type. The yield line analysis described in 
Chapter 5 is repeated in order to examine the effect of thickness on the cracking load 
capacity, the post-crack load-deflection relations of the panel, determine the cracking 
load-thickness relation of the panel. The numerical results are compared with the 
theoretical results for different thickness types of the panels. 
Chapter 7: The load-deflection relations of the RD panel have been used in 
predicting the moment-crack rotation of the beam using yield line analysis. The beams 
and panels are made from the same concrete mixes. Four sets of concrete mixes described 
in Chapter 3 are used in the numerical analysis. 
Chapter 8: This chapter contains the summary of the work, the conclusions, 
limitations, and recommended further study. 
The Appendix, references and additional data are included and presented in detail 
at the end of the thesis. 
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CHAPTER2 
LITERATURE SURVEY 
The objective of this chapter is to provide a legitimate basis for the author's work, 
to show the application of this research, to discuss test methods and the numerical 
method, and to ensure that the thesis is an original contribution in this field. In the 
literature review, some work in the area of fibre reinforced concrete materials, testing 
methods and a numerical method have been described. 
2.1. FIBRE REINFORCED CONCRETE AND SHOTCRETE 
2.1.1. Fibre Reinforced Concrete 
The term "fibre reinforced concrete" covers a range of materials including both 
cast and sprayed concrete reinforced with a large range of fibre types. The demand for 
this material has been increasing and many structures have been constructed using FRC. 
Based on several research projects and studies of applications around the world, FRC has 
many advantages compared to conventionally reinforced concrete. This is the principal 
reason motivating the author to conduct research in this area. 
An important property of fibre reinforced cement-based composites is the 
durability of the fibres within the cement matrix. The work of Mangat and Gurusamy 
(1987) on the marine durability of steel fibre involved exposing pre-cracked specimens of 
steel fibre reinforced concrete (SFRC) to wet-dry cycles of marine spray in the 
laboratory. Based on experimental results on flexural strength, energy absorption 
capacity, stiffness and state of corrosion of the fibres, the author recommended that a 
permissible crack width of 0.2mm is satisfactory for concrete reinforced with steel fibres. 
Otherwise, a permissible crack width of 0.15mm is likely to be satisfactory for low 
carbon steel FRC. Hannant and Edgington (1975) also investigated the durability of the 
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fibres within the cement matrix by assessing the resistance of steel fibres to corrosion in 
fibre concrete cylinders in the uncracked state and in cracked beams. With observations 
over four and a half years, Hannant and Edgington showed that the corrosion of fibres 
within the concrete cylinders, placed on three sites covering relatively mild exposure, 
marine conditions and a polluted industrial atmosphere respectively, was unlikely to 
cause major problems. However, cracked beams exposed to the marine environment for 
only 11 months showed that significant fibre corrosion had already occurred. The fibre 
diameter therefore is likely to be a controlling factor in the rate of loss of strength in FRC 
exposed to aggressive agents in cracks. 
The above investigations indicated that steel fibres embedded in uncracked 
concrete are subjected to little or no corrosion compared to conventional concrete in 
many different environmental conditions. This is one of the major advantages of steel 
FRC compared to conventional reinforced concrete in durability behaviour. However, the 
surveys also revealed that the effects of cracks on FRC structures are of some concern. 
Fibres used in concrete are not only made with steel but also with plastic, glass 
and other materials. Plastic fibres are lighter than steel fibres and suitable for the 
demands of corrosive environments. Both types of fibres are manufactured with different 
lengths, shapes, diameters, tensile strengths, etc and produce different effects on the 
composite material. A study of different types of steel fibres and their influence on 
concrete by Parviz and Ziad (1991) noted the effects on the composite concrete 
properties. Fibre types included straight round, crimped-round, crimped-rectangular, 
hooked single, and hooked-collated at aspect ratios (length over diameter) ranging from 
57 to 60, and straight-round and hooked-collated at aspect ratios ranging from 72 to 75 
(Figure 2.1 ). All mixes had a 2 percent volume fraction of fibres. The results showed that 
crimped fibres had slightly higher slump values when compared with straight and hooked 
fibres. At an aspect ratio (length over diameter) of about 60 and for a fibre volume 
fraction of 2 percent, hooked fibres generate flexural strengths and energy absorption 
capacities which are higher than those of straight and crimped fibres. Hooked fibres are 
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more effective than straight and crimped ones m enhancing the post-peak energy 
absorption capacity of concrete under stresses. 
Different fibre types can result in the different durability properties and level of 
post-crack performances. Kosa et al (1991) undertook a comparison of four types of fibre 
reinforced cement composites. These included conventional steel, polypropylene, glass 
fibre reinforced mortar, and slurry-infiltrated fibre concrete. The results indicated that 
polypropylene fibre reinforced mortar showed the best overall durability because of the 
chemical inertness and stability of polypropylene fibres, while glass fibre reinforced 
mortar showed the poorest overall performance. However, the modulus of elasticity of 
polypropylene is smaller than that of steel and glass fibres, and their bond strength to the 
cement matrix is poorer. 
straight hooked 
paddle enlarged 
ends 
crimped 
irregular 
double 
doufonn 
indented 
Figure 2.1 - Steel Fibre Shapes 
ordinary 
duo form 
The number of fibres per unit cross-sectional area is an important factor that will 
affect the peak tensile strength and post-peak ductility of FRC. Parviz and Cha-Don 
(1990) assessed differences in fibre concentrations at different locations on a cross-
section based on statistical evaluation of the measured values. Theoretical expressions 
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were derived for the number of fibres per unit cross-sectional area in FRC, with due 
consideration given to the effects of the surrounding boundaries. The effects of fibre 
orientation were also considered through the use of a so-called orientation factor. This 
theoretical information can be useful in the development of predictive models and the 
design ofFRC. 
It is clear that the geometry and properties of fibres in concrete materials has an 
effect on the behaviour of FRC structures. Therefore, seven different types of fibre used 
in the present investigation have to be presented in detail in the next Chapter. The post-
crack performance of beams and panels made with different fibre types is described in the 
next Chapter. 
In precast tunnel linings, the use of steel wire FRC tunnel segments has produced 
some advantages. The spalling problems encountered using conventional reinforcement 
can be avoided by the use of steel wire fibres (Moyson 1995). Due to the homogeneous 
random distribution of the fibres and their excellent durability compared to conventional 
concrete, steel wire fibres provide better reinforcement for resistance to spalling and 
ensure a level of reinforcement at the joint of a segment by removing the unreinforced 
cover zone. Also, being non-continuous and discrete, fibres provide no mechanism for 
propagation of corrosion activity. Consequently, spalling is totally eliminated, as the 
increase in volume due to corroded fibres is not sufficient to split the concrete. Steel wire 
fibres are randomly distributed to form a multidirectional reinforcement to resist stresses 
in all direction and provide quite effective crack control if used in sufficient quantities. 
2.1.2. Fibre Reinforced Shotcrete 
In this section, some advantages and properties of FRS are described, and a 
discussion on the relevance of FRS beam and panel tests is also included. 
Shotcrete is a derivative of concrete, although the matrix in FRS is different from 
that of cast FRC in rheology, internal structure, strength gain mechanisms and transport 
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properties (Banthia 1999a, 1999b ). In Australia, the application of FRS in tunnel and 
underground support has been accepted with an accompanying increase in understanding 
of the advantages and limitations of FRS. The advantages include prevention of spalling, 
resisting loads, providing a stable and maintenance-free environment. Toughness is also 
of interest as it may prevent progressive failure phenomena after cracking. It is estimated 
that over 90% of underground mine roadways are suitable for support by FRS or with 
FRS and bolts (John, 1999). John also reviewed some case studies where FRS has shown 
positive advantages over conventional mesh and bolts in terms of cost savings, durability, 
and safety. In tunnels and mines, shotcrete is often used in conjunction with fibre 
reinforcement, rock bolts, cable bolts, rebar, or in lieu of mesh reinforcement, for 
numerous reasons. The question remains of how fibre-reinforced shotcrete compares in 
performance to mesh reinforced shotcrete in ground support applications. This is not an 
easy question to answer through field and laboratory testing, since shotcrete behaves in a 
complex manner when subjected to stresses in ground support applications (Morgan et al, 
1999b). 
Mix design is an important determinant of mix performance. The purpose of 
designing a shotcrete mix is to achieve good pumpability, good compactability, good 
bond to the substrate, and low rebound, in addition to the structural properties required to 
stabilize the ground. These properties all strongly depend on fresh concrete consistency, 
which is in tum influenced by the aggregate grading curve, the cement and silica fume 
content, and the admixtures used (Hauck 2001 ). The author has used four sets of concrete 
mixes, which were adopted by Bernard et al (2000) in 'this investigation. The details of 
these concrete mixes and their composition are presented in Chapter 3. 
Recent developments in sprayed concrete equipment, such as spraymg 
manipulators, concrete-spraying robots, nozzle systems etc. are considered as important 
to the development of FRS lining technology as theoretical and laboratory developments 
due to their influence on the in-situ properties of sprayed concrete. These equipment 
developments have also been responsible for reductions in rebound and dust levels, 
labour savings, and so on. These factors are not considered in this report. 
11 
The design of linings using FRS 1s complex and reqmres the assessment of 
ground condition, the calculation of load bearing capacity and reinforcement, durability, 
and practicality (Groves 1999). At the present, there are no design guidelines the use FRS 
in tunnel linings, therefore, the design is based on experience and trial and error rather 
than an engineered approach. According to Grant et al (2002), a guideline of ground 
support design was developed based on a combination of practical experiences of the use 
FRS with empirically ground support design methods. The guideline was related with a 
toughness parameter in lining design which defines the characteristic of FRS. There are 
many tunnel projects using shotcrete linings such as: South Link Tunnel in the south of 
Stockholm (Karlsson and Ellison 2001), The M5 motorway tunnel in Sydney (Hanke et al 
2001), Gotthard Base Tunnel in Switzerland (Hagedorn and Wei 2001), The Hvalfjordur 
Sub-sea Road Tunnel in Iceland (Grov 2001) and etc. The purpose of using shotcrete 
lining is to prevent deterioration, the fall out of rocks, and the groundwater leaking and 
for sealing the weathered rock (Hanke et al2001). 
Shotcrete linings in mining and tunneling applications are often subjected to large 
deformations. The poor ductility of plain concrete may result in cracking, seepage, and 
loss of load carrying capacity. Therefore, there is usually a requirement for reinforcement 
in shotcrete. Adding fibres into shotcrete has brought some advantages including crack 
resistance and crack control, provision of multi-directional reinforcement, and improving 
energy absorption and post-crack behaviour. Energy absorption is normally determined 
as the areas under a load-deflection curve in a beam or panel tests. The term toughness is 
used to characterize such energy absorption. To determine the toughness, there is a 
requirement to measure the load-deflection response of a sample of FRS. The available 
standards for determining the flexural toughness of FRS include ASTM C1018 (1997), 
JSCE-SF4 (1984), NBP No.7 (1993), EFNARC (1996), centrally loaded beam test (T374, 
RTA), South African water bed test, and the round determinate supported panel test 
(T373, RTA). 
Compared to large panel tests, beam tests are more simple and economical to 
conduct and thus have been incorporated in project specifications for quality 
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assurance/quality control testing purposes for FRS (Morgan et al 1999). However, beam 
action does not reproduce the plate bending effects that occur in shotcrete linings 
subjected to point loads. Plate tests are generally considered to better represent the 
relative behaviour of different FRS in linings (Morgan et al 1999). In irregular linings, 
the beams may have less clear in structural relevance, and the analytical modelling of 
failure mechanisms in such cases is likely difficult and unproven. Therefore, it may be 
more feasible to use a panel test that provides a relative measure of performance that is 
more relevant to typical loading and failure conditions. The panels often experience 
effects of flexural bending, shear and membrane stresses when subject to concentrated or 
distributed load. This reflects in-situ behaviour much better than beams (Bernard 1999a). 
The correlation in the performance of FRS beams and panels was described by Bernard 
(1999b and 2000). The strong correlation between energy absorption in the EFNARC and 
round determinately supported panels showed that either of these would be a suitable 
measure of post-crack performance under severe deformations because the energy 
absorption was summed up to a very high level of deformation. FRS panels display a 
lower variation in post-crack performance than beams, and the most reliable of all means 
of post-crack performance assessment is by energy absorption in the the panel (Bernard 
1999a). Round determinately supported panels have recently been adopted in Australia as 
RST specification T373, and have been shown to be an economical alternative to beams 
for use in Quality Assurance testing. This test has also been published as ASTM C-1550 
in December 2002. Testing of the panels is thus accepted in the assessment of the post-
crack performance as well as modelling the constitutive properties ofFRC and FRS. 
Bernard (1999b) showed that the modulus of rupture (MOR) and post-crack 
energy absorption of centrally loaded beam specimens have a relatively strong correlation 
with the MOR and energy absorption of EFNARC beams. Otherwise, the crack location 
and peak moment in centrally loaded beams occurs very close to the point of applied 
load. Therefore, centrally loaded beam tests have been used in the laboratory work to 
obtain the moment-crack rotation relation, which is used in the numerical work, presented 
in the following Chapters. 
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2.2. TESTING METHODS 
A large number of experimental methods have been developed to assess the 
behaviour of FRS with different fibre types and concrete mixes. The performance of FRC 
and FRS can be characterized using testing methods derived from European, Japanese, 
American and Australian Standards. Some of these methods relating to beam and panel 
tests are briefly reviewed below and the discussion on the advantages and disadvantages 
are also discussed. 
2.2.1. ASTM Cl018 
In North America, the ASTM C1 018, which is most commonly used, is a standard 
test method for flexural toughness and first crack strength of FRC using beam with third 
point loading. The dimensional requirement in ASTM specimens is that the width and 
depth of the specimen is at least three times the maximum fibre length. According to 
Morgan et al (1995) is that the use of the ASTM preferred specimen with dimension of 
100xl00x350 mm located on a 300mm span. The same ratio of width/depth/span has to 
be kept the same if different dimensions of specimens are required. 
The problem of the test is that the toughness, which was quantified in terms of 
toughness indices and residual strength factors, depend on the first crack deflection. The 
deflection measuring must exclude the extraneous deflections to avoid the error. 
According to Mindess et al (1995), it is difficult to determine the location of first crack 
although the errors in extraneous deflection are to be excluded. The instability in the 
load-deflection curve can cause problems in using toughness parameters. According to 
Bernard (1999a), the test lacks of structural relevance ofresults, low reliability, and poor 
geometry of specimen. 
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2.2.2. JSCE-SF4 
The Japanese JSCE-SF4 method is also a standard beam test for determining the 
flexural toughness of FRS. This test is similar to ASTM C1 080 in procedure. In the test, 
the absolute value of toughness is measured while the ASTM provides the relative value 
of toughness. The advantages of JSCE-SF4 over ASTM Cl080 are that the determination 
of the correct location of first crack and the instability after the first crack is not 
concerned in the JSCE-SF4 method. Gopalaratnam et al (1991) and Chen et al (1994) 
also showed that this test is more effective than ASTM C1080 in FRC mixes made with 
different fibre types. The shortcoming is that the difference between pre-crack and post-
crack behaviour is not determined and the toughness or toughness factor can be the same 
for FRC mixes with quite different load-deflection curves (Morgan et al, 1995). Note that 
the toughness T.rscE is determined as the area under the curve up to a central displacement 
ofspan/150. The toughness factor is calculated as: 
F -T L JSCE - JSCE B 2 s: 
Where: 
H us 
L :the span of the beam. 
B: the width of the beam. 
H: the height of the beam. 
58 : the deflection of 11150 of span (3mm when the span is 450mm). 
2.2.3. The Norwegian NBP No.7 Test Method 
Another testing method of the beams providing an approach to characterize 
toughness is based on the guidelines for shotcrete, NBP No.7. The guideline was 
published by Norwegian Concrete Association in 1993. The test method is using the 
ASTM C1018 for project specification. The shortcomings of the test were that the 
location of the first crack was difficult to determine and the test results are dependent on 
the equipment. Therefore, the toughness definitions and test method were developed. The 
measurement of deflection is similar to that in the ASTM C1018 test method. The beam 
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specimen size of 75 mm in depth and 125 mm in width is tested on the span of 450mm. 
The definitions on toughness are based on the requirements of residual flexural strength 
and fibre content for different classes of FRS. There are four toughness classes within the 
guideline: 
Class 0 : shotcrete without reinforcement 
Class 1 : fibre type and dosage is specified. 
Class 2 & 3 : residual flexural stress at the deflection of span/450 (1 mm) and 
span/150 (3 mm) are required. 
The main advantages of toughness definitions are that they are independent of the 
location at the first crack and the designer can easily use the toughness requirements in 
tem1s of residual strength (MPa). 
2.2.4. EFNARC Beam Test 
The third-point EFNARC beam test method use a similar procedure to ASTM 
C1080, however, the test is based on more favourable beam dimensions of 
75x125x550mm and the beam is located over a span of 450mm (see Figure 2.2). The 
deflection measurement, which is the same as ASTM C1080, excludes the extraneous 
deflection. The performance is assessed in terms of residual strengths, the toughness 
indices are quantified in accordance with ASTM C1080 and energy absorption in 
accordance with JSCE-SF4. 
-~ 
~~----~---+---+------~~--76 
150 150 
~ ~---~--J 
Figure 2.2- Third-point EFNARC beam test. 
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The disadvantages of the test are the lack of control over the crack position and 
the beam is unreliable to assess the post-crack perfonnance of FRS, particularly at high 
levels of deformation (Hanke et al 2001). 
2.2.5. Centrally Loaded Beam Test 
The RTA T374 centrally loaded beam test was suggested by Bernard (1998b) in 
order to overcome some shortcomings of third-point beam tests. The dimension of 
specimen is the same as that of EFNARC third-point beam specimen (75x125x550 mm, 
450mm span). The deflections at the ends of the beam are measured. They are converted 
into a rotation at each end by dividing by the distance to the supports of about 40 mm 
(see Figure 2.3). 
p 
Yoke 
~Y-~~------~~--------+-~-,~ 
'-----,.'.,.-----------+-------r;------'----~ 
Span 450----
Figure 2.3 - Centrally loaded beam test. 
The crack is uncontrolled but located very close at the point of central load. The 
result gives a more consistent crack rotation at a given central deflection. The test 
produces results with moderate reliability and very good structural relevance (Bernard 
1999a). 
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2.2.6. EFNARC Panel Test 
The EFNARC rectangular panel test with simple support on all edges is accepted 
in Europe and elsewhere. The test involved the application of a central point load to the 
1 00x600x600 mm square panel. The panel is simply supported on a 500x500 mm base of 
a rigid supporting fixture made from 25mm steel plate (see Figure 2.4). The thickness of 
lOOmm is not the most common lining thickness of75mm in Australia mines. 
1 00x600x600 mm square panel 
" 
./ 
500x500 mm simple support 
Point Load 
;1 
Welded box fixture made 
from 25 mm steel plate 
Figure 2.4 - EFNARC panel test 
The advantage of the EFNARC panel tests is that the tests exhibit good reliability 
and structural relevance. The shortcomings of this test are that the specimens have to be 
produced with a flat base and cut off the inclined sides. A specimen that is not flat will 
behave in an unpredictable manner and multiple cracking load capacity. The cost to 
produce and transport specimens is expensive. 
2.2.7. South African Water Bed Test 
The South African water bed test involved the uniformly distributed loading to a 
restrained rock-bolted panel. The test was developed by Kirsten (1997). The 
80x1600x1600 mm square panels are shot in a vertical direction by the same nozzleman. 
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The test system includes a reinforced concrete floor and pedestal, 1 Ox 1 OOx 100 rock bolt 
plates, high tensile strength reaction bolts, and hydraulic jacks (see Figure 2.5). 
The position of the bolts and hydraulic jacks are shown in Figure 2.5. The 
reaction bolts represent the rock bolts. The hydraulics jacks are used to support a tubular 
restrained frame which is placed under the cantilevered portion of the panel. The 
deflection at the centre is measured using a retracting extensometer attached with 
aluminum above and epoxy bonded hook below (see Figure 2.5). 
This large panel test shows excellent structural relevance, but the reliability is 
unknown and it is clear that the test with large panels is very expensive. The test system 
as discussed above is more complicated than the other testing methods. The advantage is 
that the test can classify the behaviour of various plain, mesh, and fiber reinforced 
shotcrete types. 
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Figure 2.5- The configuration of the South African water bed test. 
2.2.8. Round Determinate Supported Panel Test 
The Australian round panel test involved the application of central point load to a 
<D 75x800 mm panel with three point determinate supports. The test has overcome some 
shortcomings of the EFNARC panel test. The system of the panel test shown in Figure 
2.6 includes support frame, three rollers, LVDT rocker, steel fibre reinforced concrete 
base. The central deflection is measured using a LVDT. The point load is applied at the 
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centre and the signal from cell load is transferred into a computer with the data digitally 
captured and graphically plotted. 
The test removes the need of cutting, regardless the tolerances due to the flat base 
and more structural relevance. The results in the Australian round panel test also shows 
low coefficients of variations, and the test is cheap, easy to perform and reliable (Bernard 
1999b ). The test can also classify the behaviour of various plain, mesh, and fiber 
reinforced shotcrete types in the same way as the South African water bed test. The 
assembly of the test is less complicated than the water bed test. 
0 
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0 
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'/~ 
Support Frame LVDT Rocker" 
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<Flow Divider 
Roller 
Data Aquisition System 
Figure 2.6- The configuration of the round detem1inate supported panel. 
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2.3. YIELD LINE METHOD 
The yield line method is a numerical method that has been employed in order to 
model the post-cracking behaviour of round determinate supported panels. 
K.W. Johansen is credited with establishing yield line theory. In 1943, Johansen 
published his thesis about yield line theory, which led to the increased use of his method. 
His papers cover many fields in structures, elasticity, plasticity, dynamic, plates, shells, 
floor design, reinforced concrete, prestressed concrete, timber, etc. There were some 
works which may be regarded as contributing to Johansen's work. One such contribution 
is the evaluation of nodal and edge forces in yield line theory by Kemp (1965). Kemp 
determined collapse mechanisms for reinforced concrete slabs using the nodal and edge 
forces using the equilibrium method. These forces were calculated by a differential 
process, which follows closely the procedure of the virtual work method. Morley (1965) 
considered the upper bound moment distributions for isotropic plates and method of 
virtual work for finding the least upper bound on collapse load based on Johansen's 
equilibrium method. Morley extended the method to find least upper bound s for fan 
mechanism and anisotropic plates. The work showed the similarities between the two 
alternative methods of analysis. Nielsen (1965) introduced a new nodal-force theory for 
isotropically reinforced slabs and Jones and Wood (1965) also contributed papers about 
the use of nodal forces in yield line analysis and new techniques in nodal-force theory for 
slabs. All these works are related to the yield line theory originally developed by 
Johansen (1972). 
The body of work above has established a basis upon which many researchers and 
engineers, as well as the author, have sought to improve the design of reinforced concrete 
structures. Sim et al (2001) presented procedures for strengthen design of deteriorated 
concrete bridge decks using yield line theory. Sim showed that the use of non-linear finite 
element analysis in estimating the load capacity of a bridge deck is very difficult because 
of such factors as the modelling of strengthening materials and formulation of 
equilibrium equations. Otherwise, the beam analysis technique does not agree with the 
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structural behaviour of the strengthened bridge deck and the efficiency of nonlinear 
analysis in practice has not yet been proved. Therefore, yield line theory for reinforced 
concrete slabs was examined to estimate the failure load of a strengthened deck. 
According to Islam et al (1993), the yield line method is a simple and versatile method to 
determine the load capacity of slabs under different conditions of boundary and loading 
but requires laborious algebra and a tedious search for the potential modes of failure. In 
order to overcome the difficulties, Islam et al (1993) attempted to develop a computer 
program to analyse a slab supported along the edges, with the input of yield line pattern. 
Yield line theory based on the equilibrium method for reinforced concrete slabs 
is much more often used in checking than in design. One of the prerequisites of this 
theory is that the concrete section be under-reinforced or possess controlled deformability 
and that it is therefore necessary to assume an almost ideal elasto-plastic bending 
moment/change-in-angle relationship (Holmgren 1980). However, tests performed using 
SFRS slabs reported by Bernard (1998b) have shown that it is not realistic to assume an 
ideal bi-linear elasto-plastic relationship (Figure 2.5a) and the moment-curvature curves 
generally deviate greatly from a horizontal line after cracking. When comparing 
experimental results and those of yield line theory based on elastic-perfectly-plastic 
models of flexural behaviour in plates, Bernard (1998b) showed that theory is not able to 
adequately predict the capacity in SFRC panels. Therefore, there is a need to develop a 
non-linear yield line model that accounts for post-crack strain-softening behaviour in 
FRC panels. 
Holmgren (1993) has overcome the non-linear behaviour ofFRC to obtain a more 
appropriate means of designing FRC structures. Holmgren developed this on the basis of 
the relationship between the bending moment and change in angle of a yield line in a 
FRC slab being the same shape as the relationship between the load and deflection at the 
mid-point for a corresponding beam subject to bending. From this assumption, a method 
was developed for calculating the load bearing capacity of statically indeterminate slab 
structures made of SFRC. This connected the yield point bending moment used in 
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calculations based on yield line theory to the flexural toughness parameters that are 
usually specified to characterise a FRC mix (Holmgren 1993). 
Holmgren's theoretical development is suitable to the author's present 
investigation. However, Holmgren's assumption that the moment-crack rotation curve is 
the same shape as the load-deflection curve must be checked by means of experiments, 
and a factor called the 'Residual strength factor' (according to ASTM Cl018) was used. 
Momentm 
Curvature 8 
(a) 
Moment m 
Curvature 8 
(b) 
Figure 2.5- Typical moment-curvature graph of bi-linear elastic plastic relationship (a) 
and ofFRC (b). 
The yield line method was used by Nilsson and Holmgren (2000) in order to 
investigate the flexural behaviour of FRS. His circular and clamped slab tests provided 
other effects than pure bending which increase the load carrying capacity high above 
what could expected from the yield line theory. 
2.4. SUMMARY 
The literature survey indicated the importance of fibre types and shapes on 
durability and post-crack performance. Steel and polypropylene fibres with hooked, 
enlarged ends, crimped and straight shapes were adopted because they have better 
durability and performance than other fibres. 
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The investigation of test criteria showed that centrally loaded beam and RD panel 
tests were cost effective, representative of in situ behaviour, and reliable. 
A review of design and modelling approach resulted in yield line theory being 
adopted for prediction of failure mode of beam and panel samples. Yield line theory was 
also adopted in deriving the non-linear post-cracking load-displacement relations of the 
beams and panels. 
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CHAPTER3 
EXPERIMENTAL PROGRAM 
3.1. GENERAL 
A number of different methods of testing have been developed to assess the 
mechanical behaviour of FRC and FRS. This behaviour has been based on load-
deformation or moment-rotation curves, cumulative energy-deflection, or cracking loads 
derived from the beams or panels. The majority of information presented in this chapter 
is in the form of experimental data obtained from tests conducted on FRS panels, beams, 
and cylinder specimens. The tests undertaken include the centrally loaded determinately 
supported round panel tests (Bernard 1998a), central flexural testing of beam elements 
sawn from several failed panels (centrally loaded beam test, Bernard 1999), uniaxial 
elastic modulus and compressive strength tests on companion cylinders cast with the 
panels. The experimental work has been undertaken by the author at the University of 
Western Sydney. 
The experimental program involved four sets of FRS specimens tested with the 
purpose of determining different post-crack load bearing characteristics. Each set of 
specimens represented a distinct mix design with seven different types of fibres used as 
reinforcement. Each set consisted of 15 beam specimens, and 15 RD panel specimens in 
order to develop very reliable estimates of the characteristic behaviour. Therefore, there 
were a total of 60 panels and 60 beams in the test program. It took about four months to 
complete the laboratory work. 
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3.2. EXPERIMENTAL OBJECTIVES OF TEST METHODS 
The mm of the experimental program was to obtain data required for the 
numerical analyses to verify the theoretical results, and to assess the post-crack 
performance of the FRS. The information consisting of moment capacity-rotation curves 
obtained from the beam tests is used in the yield line analyses to predict the non-linear 
post-crack load-deflection relationships in the panels. The information of crack positions 
in the round panel test has been incorporated into a Monte Carlo simulation in order to 
obtain probabilistic load-deflection curves. 
3.3. FORMWORK 
The production of specimens and all the tests have been carried out in the civil 
engineering laboratory at the University of Western Sydney where production equipment, 
test machines, and material were all available. Formwork is an important component in 
the production of specimens and these must maintain good dimensional tolerances. The 
formwork for the panel tests consisted of round melamine surfaced form ply of 17mm 
thickness. The form ply is cut into round panels with a diameter of 800mm. A strip of 
92mm wide and 0.4mm thick zincalume sheet steel was then nailed around the plywood 
to leave a 75mm deep dish into which the concrete was sprayed (Figure 3.1 ). This was to 
ensure that the sides were perpendicular to the surfaces of the panels. The assembly was 
sealed around the edge using silicone. The day after each spraying or casting session, 
when the concrete had hardened, the metal strips were removed and discarded. The 
plywood was then cleaned and used again. 
The beams were produced using square moulds with inclined sides (the sides are 
inclined at 45 degrees) measuring 600mm across at the bottom and 800mm at the top (see 
Figure 3.1). These forms were also made out of 17mm thick melamine-surfaced form ply. 
After each use, they were cleaned and the concrete fragments that remained in them had 
to be scraped off. Immediately prior to spraying all the forms were coated with a form 
release agent. 
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Figure 3.1 - Formply moulds used to produce round and square shotcrete panels for later 
production ofbeams. 
3.4. SPRAYING 
The concrete was sourced from a commercial ready-mix plant and delivered to the 
laboratory in 2.4m3 batches in a 6m3 -agitator truck for each of the 4 specimen sets. Fibres 
were added to the back of the truck upon arrival at side and the concrete was mixed by 
rotating the bowl at high speed for 10 minutes. This was necessary to ensure uniform 
distribution of fibres throughout the entire batch of concrete. The concrete was then 
dispensed to the shotcreting pump. Before spraying, the forms were laid at about 45° 
against a supporting frame as shown in Figure 3.2. The specimens were produced by 
manually spraying the shotcrete in a circular fashion around the form until it was full. 
The specimens were then moved and laid on level ground where they were screeded in 
order to achieve a smooth level surface uniform thickness close to 75mm. Poor screeding 
leading to rough and uneven surface causes increased variability in experiment results. In 
general, the concrete remained plastic for about 30 minutes after spraying because an 
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accelerator was not used. This permitted enough time to screed the surface of each 
specimen. The square form was left rough and over-thick for later cutting into beams. 
Figure 3.2- A scene of spraying concrete at the University ofWestern Sydney, 
Nepean. 
In order to limit evaporation from the panels, the surface of the specimens was 
covered with polythene sheets about 30-60 minutes after spraying. After overnight 
hardening and curing, the beams were cut using a concrete saw in the way described in 
Figure 3.3. The specimens were then immersed in a water tank for curing. Before testing, 
the beams required trimming to final size on a bench saw because of rough cutting of the 
specimens. This was done during the first week of curing. The beams were removed from 
the water tank and tested immediately after that, therefore they were always wet. All the 
beams were marked and cut so that the plane of bending corresponded to the direction of 
spraymg. 
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Figure 3.3- Cutting of beams relative to spraying direction. 
3.5. MIX DESIGN 
The specimens used for the numerical analysis involved four sets. The purpose of 
using different mixes was to examine different post-cracking behaviour. The mix design 
for the first three sets of specimens was the same, but the fibre type and dosage differed. 
A higher dosage of high tensile strength steel fibre was incorporated into the mix of the 
fourth set because of a higher level of post-crack performance was required for this set of 
specimens. The mix design was also changed relative to the first three sets to obtain 
better workability and higher strength. The properties of the shotcrete mixes were further 
enhanced through the addition of silica fume and superplasticisers. 
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The m1x design used for each specimen set m the investigation adopted by 
Bernard et al (2000) is listed in Table 3 .1. 
Table 3.1 -Mix design for FRS, all quantities in kg/m3 unless otherwise indicated 
Ingredient Sets 1-3 Set 4 
Coarse aggregate. (5/7 mm) 640 640 
Coarse sand (5 mm) 620 560 
Fine sand (2 mm) 420 380 
Cement (ASTM Type 1) 360 380 
Fly ash 40 
Silica Fume 40 40 
Water reducer 1900 mL 1900 mL 
Slump 65 mm 65 mm 
In this experimental program, the cement used in both mixes was a General-
Purpose cement (AS1378) that was equivalent to an ASTM Type I cement (ASTM C150 
1997). The aggregate quality and grain size distribution is of importance for the fresh 
concrete. The coarse aggregate and sand were crushed quartzitic river gravel and river 
sand sourced from the Nepean quarry in western Sydney. The fine sand was aolian in 
origin and was sourced from Londonderry in western Sydney. The combined aggregate 
grading curves used in each mix are defined in Figure 3.4. 
Figure 3.4 - Combined grading curves for aggregates. 
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Silica fume was used to provide reduced permeability, increased compressive and 
flexural strength and improved resistance to water washout. The water reducers were 
used to improve concrete workability and cohesiveness in the plastic state. The water 
reducer and the superplasticiser were based on lignosulphonate and sulphonated 
naphthalene formaldehyde. The slump increase was achieved by adding the 
superplasticiser. The rheology aids increased pump-ability. 
3.6. FIBRE TYPES 
In tension, plain concrete exhibits a low tensile strength and tolerates only a small 
amount of strain at failure. These properties make concrete a brittle material with a low-
fracture toughness and poor deformability. Cracks can nucleate and propagate in plain 
concrete easily, which affect not only long-term durability and aesthetics, but may also in 
some instances adversely affect safety. Fibre reinforcement has long been used to add 
toughness and ductility to shotcrete, thereby improving its performance under tensile 
stress. The role of fibres in shotcrete is to bridge any crack that may develop and provide 
a restraining force to crack widening. In this investigation, the fibre dosages and sources 
used for each specimen set are listed in the Table 3.2. These seven different types of fibre 
were incorporated into the four specimen sets of concrete. 
Table 3.2- Fibre dosages (and source) used for each specimen set. 
Set Fibre type Dosage (kg/m3) 
1 Novotex 0730 (Synthetic Ind.) 34 
256 EE (BHP Fibresteel) 27 
2 50 mm HPP (Synthetic Ind.) 12 
3 52 mm polyolefin (Dalhousie) 7.5 
4 Dramix RC65/35 (Bekaert) 20 
Dramix BP80/35 (Bekaert) 15 
50 mm HPP (Synthetic Ind.) 3 
The resisting force provided across an opemng crack by fibres depends on 
characteristics such as fibre anchorage, fibre strength, fibre modulus, fibre cross-section, 
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and fibre orientation. The dimensions, tensile strength, shape and the properties of the 
fibre types were listed in Table 3.3. 
Table 3.3 -Dimension, strength and shapes of fibre types. 
Fibre Type Diameter Length Strength Shape and Property 
(nnn) (mm) (Mpa) 
Novotex 0730 0.7 30 1100 Straight drawn steel fibre with flat ends 
BHP 256 EE 0.6 25 800 Slit sheet steel fibre with enlarged ends 
50mmHPP 1 50 High performance polypropylene fibre 
sinusoidal waveforms along its length 
52nnn Grace 1.5x0.3 52 Flexible and fibrillates during mixing therefore of 
(Rectangular) indeterminate shape 
Dramix 0.5 35 1300 Cold-drawn hooked end fibres 
RC65/35 
Dr a mix 0.43 35 2200 Cold-drawn hooked end fibres 
BP80/35 
The fibres used in each of the four specimen sets were chosen to achieve certain 
moment-crack rotation relationships based on experience with third-point beam testing. 
The different fibre types in the four specimen sets were selected for different purposes 
and are believed to be broadly representative of post-crack behaviour for the majority of 
fibres (Bernard et al 2000). The first set was produced to develop a curve exhibiting a 
relatively linear drop in capacity with increasing crack rotation. The second was selected 
because this fibre displays an increase in capacity for very wide cracks after an initial 
sharp drop in moment capacity. The third was selected because the load capacity of this 
fibre shows very little variation with crack width up to about 1 Ornm. The last was chosen 
in an attempt to achieve a strain-hardening mix. But this grade of concrete is not 
achieved. 
3.7. CENTRALLY LOADED BEAM TEST 
The third-point loaded EFNARC beam test (EFNARC 1996) has been used to 
assess FRS performance in many parts of the world. The standard dimension of 
specimens used for this test is 75x125x550mm. The specimens are tested over a span of 
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450mm (see Figure 3.5). They are cut from a much larger beam or panel in such a way 
that the plane of bending corresponds to the direction of spraying as shown in Figure 3.3. 
The beam is bent in this plane because it is believed that the majority of in situ load in a 
tunnel lining is supported through flexural resistance in this plane (Bernard 1999b ). A 
problem inherent in beam tests with third-point loading is a lack of control over the 
position of the crack (Holmgren 1993). The result can be widely varying angles of 
rotation at the crack for a given central deflection. Since the tensile load capacity of the 
majority of fibres decreases as crack width or crack angle increases, this feature of third-
point loaded beams is believed to be a cause of significant variability (Bernard 1999b ). 
Otherwise, this variability is due to the test procedure and does not originate with the 
material, since the position of the crack is likely to be determined by weaknesses in the 
concrete matrix rather than the distribution of fibres. 
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Figure 3.5 -Beam test based on EFNARC testing using a stiff displacement-controlled 
test machine 
In order to overcome some limitations of third-point beam testing, an alternative 
beam test involving a central point load was developed by Bernard (1998b ). In the 
centrally loaded beam test, the crack position is still uncontrolled, however a central 
applied load results in a sharp peak in flexural stress around the centre of the beam 
typically resulting in failure very close to the point of load application. The position of 
the crack relative to the centre of the beam is measured and recorded as an 'offset' from 
the mid-point. This is measured at two places on the lower face of each beam. Two 
positive values of crack offset mean that both ends of the crack occurred on the same side 
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of the beam mid-point. One negative value means the crack crossed the mid-point (see 
Figure 3.6). The test result is obtained as a relationship between the moment at the crack 
and rotation between the two faces of the crack. The behaviour of the uncracked part of 
the beam is distinguished from the rotation at the crack; therefore attention is 
concentrated on the part of the beam undergoing plastic deformation. The relation 
between moment and rotation is also of direct structural relevance to the lining and not 
influenced by any geometric characteristic of the beam other than thickness (Bernard et al 
2000). The apparatus for this centrally loaded beam test is shown in the Figure 3.7. The 
size of the specimen is 75x125x550mm, located on a 450mm span, which is the same as 
the EFNARC third-point beam test. These two tests produced almost the same results; the 
evidence for this is obtained by correlation ofthe mean Modulus of Rupture derived from 
the two types ofbeam tests (Bernard 1999b, 1999c). 
After completion of a test, the width and the thickness of the beam is measured at 
three points adjacent to the crack. The crack 'offsets' were also recorded. The fibre 
number was counted on two crack surfaces. The performance of the centrally loaded 
beam reported in this chapter is mainly in the form of post-crack moment capacity that is 
expressed as a function of crack rotation. The moment-rotation curves have been fitted 
using a general curve and after that it is used as the input to derive the nonlinear post-
cracking load deflection ofRD panels using yield line analysis. The moment occurring at 
the point of the crack (which was located usually a small distance from the centre of the 
beam) was obtained by linearly scaling the moment occurring at the mid-point in 
proportion to the ratio of the offset over half span. 
/Offset 2 
Offset I 
Figure 3.6- A crack locating on one side of the beam mid-point and another crossing it. 
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Figure 3.7- Centrally loaded beam Test. 
The crack rotation of the centrally loaded beam test was determined according to 
the following steps: 
Step 1: when the centre of the beam was deflected downward (Figure 3.8), the 
values of upward deflection of the ends of the beam 51 and 0_ were measured 
with a pair of L VDT' s. The values of deflection were converted into a rotation 
at each end B1 and fh by dividing the deflection by the measured distance to 
the supports L1 and L2• Sin@:::::: ()because the angles of rotation B1 and fh are 
assumed to be small. The moment at the crack was normalised by multiplying 
it by the ideal beam width (125mm) and dividing by the measured mean 
width. 
ep1+8p2 
Figure 3.8- The centrally loaded beam after cracking. 
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Step 2: the slopes k1 and k2 of the moment-rotation relation before cracking at 
the two ends of the beam were obtained by dividing the measured rotations by 
the normalised moment (k1=6.fNf.,M and k2=6.(h/6.M). Then, these values were 
used to work out an elastic rotation at the two ends of the beam arising from 
quasi-elastic deformations of the uncracked portions of the beam throughout 
the test ( Be1=M.k1 and Bez=M.k2)· 
Step 3: after determining the quasi-elastic rotations, the plastic rotations ~1 
and Br2 at the ends of the beam can also be derived using the measured 
rotations Bm1 and ~112 minus the quasi-elastic rotations Be1 and Be2 which are 
proportional to the applied moment or 
Bp 1 = Bm 1 - Be 1 
and Bp2 = Bm2 - Bez 
The total rotation of the crack Bcrack (the angle of crack opening) is calculated by 
summing the plastic rotations Bp 1 and Br2 ( Bcrack = Bpi + Bp2). The crack rotation starts 
when the crack occurs. 
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Figure 3.9- The area under a typical moment-crack rotation curve at a crack 
angle B for centrally loaded beam. 
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The energy absorption (in units of Joules) at the crack at a total rotation of either 
0.05 or 0.2 radians was calculated as the integral of the area under the moment-crack 
rotation curve for an ideal beam width of 125mm (see Figure 3.9). 
The flexural tests for the beams were performed within an electro-mechanical 
Instron 6027-R5500 test machine that was servo-controlled and equipped with electronic 
data acquisition. The tests were undertaken at a rate (see Table 3.4) that was increased 
with deflection to finish each test within a reasonable period of time. 
Table 3.4 - Central displacement rates during each test 
Deflection Displacement Data interval 
(mm) Rate (mm/min) (mm) 
0-0.5 0.25 0.0006 
0.5-2 0.25 0.003 
2-3 0.5 0.03 
3-20 1.5 0.03 
3.8. ROUND DETERMINATE SUPPORTED PANEL TEST 
The RD panel test is particularly suitable for the assessment of the post-crack 
performance in FRC and FRS. This test has overcome several shortcomings and offered 
substantial experimental advantages compared to the earlier EFNARC panel test 
(EFNARC 1996). The advantages include insensitivity to specimen flatness, relative 
insensitivity to diameter, and a more consistent mode of failure. Performance sensitivity 
to thickness has been overcome through the development of thickness correction factors 
(Bernard and Pircher, 2000). Peak load carrying capacity and total energy absorption are 
also generally lower than for alternative modes of specimen support, providing 
conservative estimates of panel performance (Bernard 1998b). A central point load is 
applied to a round specimen measuring 800x75mm diameter. The round panel is 
supported on three radial points located on a 750mm diameter (Figure 3.10). 
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Figure 3.1 0 - Round determinate supported panel test. 
Because of the use of three symmetrically pivoted supports, load distribution at 
the start of testing is always determinate in the specimen, regardless of tolerances on base 
flatness while the EFNARC panel is located on a simple support of a 1 Omm diameter 
steel bead running around the perimeter of the 500x500mm square support fixture. The 
specimens are sprayed on a round form to the final size therefore it removes the need for 
expensive concrete cutting. The 75mm thickness of the panel reflects the thickness of 
linings commonly used in Australia as well as the thickness of the beams tested such as 
centrally loaded beams. The relatively slender dimensions of this slab also allows a 
broader specimen to be produced and tested for a similar mass of concrete to the 1 OOmm 
thick EFNARC panel (85kg). The slender geometry results in a mode of failure that is 
dominated by flexure and membrane tension, thereby reflecting in situ behaviour more 
closely than the EFNARC panel, which often suffers very high shear stresses during 
failure (Bemard et al 2000). 
Because the specimen is supported on three pivots, the panel often breaks into 
three parts upon failure. These three cracks intersect at the centre of the round panel 
where the deflection is greatest. Sometimes, the panel may break into two parts. In this 
case, the angular displacement occurring at the crack is much greater for a given central 
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displacement and the energy absorbed by the specimen is lower (Bernard et al 2000). 
This pattern of failure is rare and differs from the normal mode so it has been taken to be 
an extreme event and is not considered essential to the investigation. 
The data collected in the round panel tests included the load-deflection curve, 
maximum load capacity, fibre count along the crack surfaces, number of cracks, and 
crack pattern. After failure, the thickness of the panels was measured at five points 
around the edges and five points along the cracks. The number of fibres was counted 
within each 1 OOmm section of crack length. The crack position consisting of the 
deviation from the midpoint line between two pivots was measured in degrees (see Figure 
6.1). 
The energy absorbed by the specimen was calculated as the integral of the load-
deflection curve (Figure 3.11 ). The load capacity and energy absorption were calculated 
at the nominated central deflections ofthe first crack, 5mm, 10mm, 20mm and 40mm. 
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Figure 3.11 -The area under a typical load-displacement curve in an RD panel. 
The specimens were placed in a test fixture located within an Instron 8506 servo-
hydraulic test machine. The loading was carried out up to 1 OOmm total central deflection. 
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The software used to drive each test was a program called Wavemaker, and all tests were 
conducted in displacement-control mode. The specimens were loaded at the initial rate of 
2mm/min up to 1 Omm total central displacement. In the later stages, the rate was 
increased to 1 Omm/min up to 1 OOmm total central displacement. 
3.9. COMPRESSIVE CYLINDER TEST 
This is a uniaxial compressive strength test. The uniaxial compression cylinders 
measuring ~SOx 1 OOmm were cored using a coring machine from the fragments of RD 
panel tests. The fragments of RD panel tests for four sets of concrete mixes were 
collected to produce cores and cured in the same tank. The ends of the core specimens 
were ground and lapped. The specimens were also weighed. The purpose of the test is to 
determine the Young's modulus and compressive strength. Dimensional measurements of 
Young's modulus were carried out using two 50mm gauge length electronic 
extensometers mounted diametrally on each cylinder. The measurements were 
undertaken on three lengths and five diameters around the specimen. The test results of 
modulus values in four cylinders were shown in Table 3.5. The modulus was measured 
up to 12MPa compressive stress. 
Table 3.5- Compressive cylinder results 
Set Density Ultimate Stress Elastic Modulus 
(kg/m3) (MPa) (MPa) 
1 2236 38.7 31725 
2 2244 41.4 31003 
3 2238 34.7 33612 
4 2249 38 31878 
3.10. RESULTS AND CURVE FITTING ANALYSIS 
The results of the experimental program in this investigation consisted of data 
representing the moment-crack angle rotation relationships for four sets of centrally 
loaded beams and load-deflection histories for four corresponding sets of the panels. The 
41 
testing, processing and curve fitting of data have been done by the author. The curves for 
each set of specimens were superimposed in the same graph to illustrate the level 
variability for the beams and panels. The combined results for each set of specimens are 
summarised in Appendix 3 .1. Note that the ordinate x represents the crack rotation of the 
beam and central displacement of the panels, and the ordinate y is the moment or 
cracking load capacity. 
The objective of curve fitting was to derive a characteristic mathematical function 
describing the moment-crack rotation curve for each set of beam specimens, and a 
characteristic load-deflection curve for each set of panel specimens. The functions can 
then be used to compare the results of the numerical analysis such as yield line analysis. 
Program Tablecurve 2-D was used to fit functions to each set of experimental data. For 
the results obtained from the beam tests, the fitted curves started from the point of the 
average maximum cracking moment capacity corresponding to a crack rotation of zero 
radians for each set of 15 beams. For the results obtained from the panel tests, the load-
deflection curves prior to cracking were assumed to be linear elastic therefore the fitted 
curves started from the point of the average maximum cracking load capacity. This work 
was necessary because a suitable expression for the entire load-deflection curve could not 
be modelled satisfactorily. 
Curve fittings to the data for four set of beam and RD panel tests is shown in 
Figures 3.12 to 3.19. The thickest line shown in the figures represents the fitted curves for 
the load-deflection and moment-rotation records. The curve fitting has only been done for 
post-crack data that are used in the numerical analysis. All the performance curves are 
included in Appendix 3.1. The expressions for the fitted curves are noted below the 
corresponding figure. 
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Figure 3.12- Moment-crack rotation relations in centrally loaded beam tests (Set 1). 
The expression of the best curve fit for centrally loaded beams in the first set was: 
y = a+bi-cx)+di-ex) 
where: 
a= -22.983574 b = 510.82594 c = 1096.4253 d = 399.89536 e = 13.021289 
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Figure 3.13 -Post-crack load-displacement relations in RD panel tests (Set 1 ). 
43 
The expression of the best curve fit for RD panels in the first set was: 
y = a+blnx+c/lnx+d(lnx/+e/(lnxi+f(lnxi+g/(lnxi+h(lnx/+i/(lnx/+J(lnx/+k/(lnx/ 
where: 
a= -68432.475 
e = -13108.115 
i = -112.43785 
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Figure 3.14- Moment-crack rotation relations in centrally loaded beam tests (Set 2). 
The expression of the best curve fit for centrally loaded beams in the second set was: 
y = (a+cx+ex2 +gx3)1(1 +bx+dx2 +fx3 +hx4) 
where: 
a= 713.8233 
e=3841417.1 
b= 1548.2115 
f= 520996.77 
c = 122046.4 
g = 887480.45 
d=-18049.989 
h = -993912.8 
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Figure 3.15- Post-crack load-displacement relations in RD panel tests (Set 2). 
The expression of the best curve fit for RD panels in the second set was: 
y a+blnx+c/lnx+d(lnx/+e!(lnx/+f(lnxi+gl(lnxi+h(lnx/+i/(lnx/+.f(lnxi+kl(lnxi 
where: 
a= 73340.247 
e = 14070.326 
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Figure 3.16- Moment-crack rotation relations in centrally loaded beam tests (Set 3). 
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The expression of the best curve fit for centrally loaded beams in the third set was: 
y = (a+cx+ex2+gx3+ix4)/(l+bx+dx2+fx3+hx4+jx5) 
where: 
a= 1015.3096 
f = 9051626.8 
b = 536.09064 c = -103638.9 
g = -3311075.5 h = 18405073 
d = 456002.81 
i = 6687586.3 
e = 1.4254586x I 08 
j = -43461108 
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Figure 3.17- Post-crack load-displacement relations in RD panel tests (Set 3). 
The expression of the best curve fit for RD panels in the third set was: 
y = a+blnx+c/lnx+d(lnx/+e/(lnx/+f(lnx/+g/(lnx/+h(lnx/ +i/(lnx/ 
where: 
a= 6577.3657 b = 2964.2754 
f= -174.60146 g= 187.75212 
c = 5803.3642 
h = 54.28003 
d =-1340.4859 
i = -8.952042 
e =-1277.5013 
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Figure 3.18- Moment-crack rotation relations in centrally loaded beam tests (Set 4). 
The expression of the best curve fit for centrally loaded beams in the fourth set was: 
y = (a+cx+ex2+gx3+ix4+kx5)/(l+bx+dx2+fx3+hx4+jx5) 
where: 
a=947.15784 b=-102.30554 c=-157916.81 d=l355264.8 
f=-5368459.4 g=-80209796 h=1.3639758xl08 i=95714037 
k= 4167006.1 
e = 1.4326672x108 
j = -1.333125x108 
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Figure 3.19- Post-crack load-displacement relations in RD panel tests (Set 4). 
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The expression of the best curve fit for RD panels in the fourth set was: 
y = (a +clnx+e(lnx/ +g(lnxi + i(lnx/)1(1 +blnx+d(lnx/ +f(lnxi +h(lnx/ +j(lnx/) 
where: 
a= 4999.969 
f = 56.239729 
3.11. DISCUSSION 
b =-12.817587 
g = 133696.3 
c =-69822.675 
h =-35.951185 
d = 37.947642 
i =-49761.358 
e = 376764.74 
j = 8.1246042 
The data for the four sets of FRS beams and panels collected in this investigation 
was used to assess the characteristic relationships between moment capacity and crack 
rotation in the beams and load resistance and central displacement in the panels. These 
data can be used to validate numerical models by comparing beam and panel 
performance. 
Each set of beam and panel specimens was produced from the same batch of 
concrete in order to ensure consistent properties between them. However, an 
investigation by Bernard et al (2000) showed that the mean coefficient of variability in 
energy absorption at 40mm deflection within each set of panels was 8 percent, which is 
higher than the mean achieved for sets of three specimens (6 percent) by Bernard 
(1999b ). Therefore, FRC mixed within one truck batch may exhibit a considerable degree 
of variability and this must be considered when attempting to compare performance 
across a large number of samples. 
The way of cutting and preparing specimens also makes a difference between 
beams and panels. The panels had a cast tensile face and a trowelled upper surface while 
the beams were cut on all faces from a thicker square panel. The performance of hooked-
end fibres can be influenced when the ends of anchorage are removed in cutting the 
beams. Otherwise, care in screeding and cutting cannot avoid the difference in the mean 
thickness of each set between beams and panels. The maximum moment and cracking 
load capacity can be affected when corrections for variations of thickness are not 
undertaken in the tests. 
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The conditions during curing were also a factor leading to possible differences in 
behaviour between the beams and panels. The beams were cured in a different tank to the 
panels and this therefore has resulted in cracking load results which may not wholly 
compatible with the panels. 
Another factor that must be considered is that the cracks in the panels start to 
open and propagate at the center of the panel and continue to the edge while cracks in the 
beams occur instantaneously. Therefore, the drop after peak load in a beam is likely to be 
greater than in the panel. 
The mix design and fibre types and dosages used in the fourth set were intended 
to obtain post-crack strain-hardening behaviour in the FRS specimens. But the results of 
moment-crack rotation curves are similar to the first set (strain-softening behaviour). This 
is due to the low compressive strength of the concrete matrix, which did not allow the 
high carbon BP 80/35 fibres to perform in the way intended by their manufacturer. 
Table A3.2.1 in Appendix 3.2 showed that the mean coefficient of variation in 
cracking moment and load capacity of the beams and panels are 7.31 percent and 5.66 
percent. The mean deflection at cracking load in RD panels is 1.18 mm. The standard 
thickness of 75 mm is required in the specimens. Table A3.2.3 showed that the mean 
coefficients of variation in thickness ofthe beams and panels is small (1 to 3 percent) 
3.12. SUMMARY 
In this investigation, the centrally loaded beam and round determinate supported 
panel tests were adopted. They were chosen because they present some important 
advantages over alternatives as discussed above. Four sets of FRS specimens consisting 
of both beam and panel specimens were tested to measure pre- and post-crack mechanical 
performance and produce enough data for theoretical and numerical work in later 
Chapters. Each set of approximately 15 beams and 15 round determinately supported 
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panels resulted in data with very reliable estimates of the characteristic behaviour. All 
four sets of beam and panel specimen presented the strain-softening behaviour of FRS. 
Curve fitting was done (see Figure 3.12 to 3 .19) to obtain the mean relationships 
between moment capacity and crack rotation for each set of beams, and load capacity and 
central deflection for each set of panels. The mathematical functions describing these 
relationships can be used as represent four concrete sets in later numerical analyses. 
The mean values, standard deviations and coefficients of variation of the cracking 
load capacities, moment capacities and the thickness in the beam and panel specimens for 
each set of concrete are summarised in the Appendix 3.2 in order to assess the variation 
ofthe experimental data. 
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APPENDIX 3.1 
PERFORMANCE CURVES FOR ALL SPECIMENS 
In this Appendix, moment-crack rotation results and load curves from tests on 
centrally loaded beams, and the load-deflection results from tests of RD panels are given. 
All data for each set of nominally identical specimens are imposed on the same graph. 
The results included four sets of concrete mixes. 
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APPENDIX 3.2 
CRACKING MOMENT AND LOAD CAPACITIES 
The values of peak moment in the beam tests, and cracking load capacities in RD 
panel tests are summarised in Table A3.2.1 below. The corresponding deflections at peak 
load capacities are showed in Table A3.2.2. Table A3.2.3 presents the thickness of the 
beam and panel specimens. The mean values, standard deviation (SD) and coefficient of 
variation (COY) were also derived and are listed at the base of the tables for each set of 
nominally identical specimens. Note that the data were recorded from less than the 
amount of specimens intended because some specimens gave invalid modes of failure 
and so were ignored. 
Tables A3 .2.1 - Cracking moment and cracking load in the beams and RD panels. 
Moment Capacity (Nm) Load in RD Panels (N) 
Specimen Set 1 Set 2 Set 3 Set 4 Set 1 Set 2 Set 3 Set 4 
1 878 671 964 915 34806 26296 35357 32196 
2 922 616 853 963 35392 26020 37209 31559 
3 829 675 1081 857 33281 27717 33273 31051 
4 956 642 913 982 35564 27278 33988 34203 
5 822 680 1058 1013 32024 26753 33652 30594 
6 917 639 938 1040 31025 27674 31421 34108 
7 888 611 996 1069 32825 27941 33790 35667 
8 816 773 961 1065 32506 24797 33195 33566 
9 937 774 898 1037 29517 23755 33135 35185 
10 775 678 947 1053 31120 26262 34496 27605 
11 843 655 945 892 32394 22515 33850 37278 
12 943 683 933 1110 30990 25461 34995 33264 
13 897 740 1080 841 26176 35883 
14 909 724 938 27476 31903 
15 898 770 1034 24729 31283 
16 975 654 
17 683 
18 598 
19 
20 
Average 888 681 969 987 32620 26057 34030 33023 
S.D. 55 53 65 84 1805 1518 1358 2410 
COY(% 6.18 7.83 6.73 8.49 5.53 5.83 3.99 7.30 
56 
Tables A3.2.2- Deflection (mm) at peak cracking loads in RD panels. 
RD panel 
Specimen Set 1 Set 2 Set 3 Set 4 
1 1.130 1.209 1.111 1.164 
2 1.124 1.197 1.127 1.169 
3 1.134 1.204 1.105 1.156 
4 1.161 1.203 1.098 1.174 
5 1.136 1.231 1.118 1.143 
6 1.155 1.186 1.120 1.174 
7 1.124 1.193 1.129 1.179 
8 1.122 1.210 1.118 1.158 
9 1.163 1.211 1.088 1.154 
10 1.154 1.221 1.134 1.131 
11 1.137 1.202 1.133 1.159 
12 1.113 1.197 1.121 1.152 
13 1.117 1.192 1.158 
14 1.176 1.177 
15 1.202 1.154 
16 
17 
18 
19 
Mean 1.231 1.202 1.117 1.160 
SD 0.096 0.013 0.014 0.013 
cov (%) 7.818 1.087 1.212 1.097 
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Tables A3.2.3- Thickness (mm) of the beam and panel specimens. 
Beam RDPanel 
Specimen Set 1 Set 2 Set 3 Set 4 Set 1 Set 2 Set 3 Set 4 
1 77.6 74.8 78.1 76.5 77.1 76.4 77.2 77.5 
2 75.8 74.0 74.0 79.9 78.9 77.5 77.1 77.0 
3 77.8 76.5 78.4 75.0 77.8 75.3 75.4 77.7 
4 76.6 75.4 76.4 79.9 80.1 76.9 76.8 78.2 
5 76.2 75.1 76.9 82.4 75.8 78.4 77.8 75.0 
6 78.0 75.8 76.9 76.1 75.7 76.8 77.1 76.7 
7 75.4 76.0 77.3 75.8 76.5 74.5 75.3 79.0 
8 76.2 80.3 77.4 76.7 76.6 75.6 77.1 77.3 
9 77.4 79.6 77.1 77.9 74.2 75.3 75.0 77.5 
10 76.7 74.5 78.5 80.7 76.4 76.3 76.2 72.9 
11 76.9 74.5 75.9 75.2 76.4 77.0 76.9 78.2 
12 75.8 78.0 76.3 81.8 77.6 75.8 76.1 77.8 
13 77.3 76.4 78.1 74.5 76.1 76.5 78.8 
14 75.5 77.6 77.3 77.2 75.8 
15 74.6 80.4 79.0 77.2 76.0 
16 77.2 74.2 
17 78.8 
18 76.9 
19 
Mean 76.6 76.6 77.2 77.9 76.9 76.4 76.5 77.0 
SD 0.95 2.03 1.21 2.63 1.44 0.98 0.85 1.53 
COV(%) 1.24 2.66 1.56 3.37 1.87 1.28 1.11 1.99 
58 
CHAPTER4 
POST-CRACKING BEHAVIOUR OF ROUND DETERMINATE SUPPORTED 
PANELS 
4.1. APPLICATION OF YIELD LINE THEORY 
In the design of concrete structures, engineers consider structural behaviour both 
prior to and after cracking of the concrete matrix. The load to cause cracking is therefore 
important. If conventional steel reinforcement is employed, the load to cause first yield of 
the steel also plays an important role in understanding behaviour. Yield line theory has 
proven to be a simple and effective means of calculating the load to cause yielding of 
steel bars in conventionally reinforced concrete structures (Jones and Wood 1967) and 
first crack in FRC floors (Concrete Society 1994). However, rational application of this 
theory to materials that display post-crack strain softening has been limited to date, and 
only a few examples exist in which post-crack behaviour in FRC has been modelled 
using yield line theory (Holmgren 1993). 
Yield line theory is widely used for moment re-distribution predictions and for the 
determination of collapse loads in suspended concrete slabs (Warner et al. 1998). 
However, design rules incorporating this method of analysis are qualified by the 
requirement that slabs be under-reinforced ( eg. AS3600 2001 ). This is because collapse 
loads calculated on the basis of yield line theory are not valid at large deflections unless 
the moment capacity of elements within the slab display quasi-elastic perfectly plastic 
behaviour (Johansen 1972). Slabs that are over-reinforced exhibit strain softening at low 
to moderate levels of deformation. Despite this, the determination of load capacity using 
yield line theory is not strictly limited to elastic perfectly plastic materials since this 
theory is based on the absorption of energy by deforming components of a chosen 
collapse mechanism. If the moment capacity of a component within a mechanism is 
altered, the work done in resisting external load changes and the load capacity will 
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similarly change. This feature is the key to applying yield line theory in a step-wise 
analysis of strain softening materials. Further work related to the application of yield line 
theory to FRC can be found in Tran et al (2001a). 
The application of yield line theory to a FRC slab requires some knowledge of 
mathematics and is based on a treatment of the geometrical features of plastic plates. The 
yield line pattern, axes of rotation, and type of support, must be determined. Plastic 
deformations occur along yield lines where the reinforcement has yielded. The individual 
parts divided by the yield lines experience only elastic deformation. When using the yield 
line method, they are considered to be plane and elastic deformations are ignored in 
comparison with the plastic deformation. Also, yield lines are assumed to be straight and 
deformation is assumed to occur only in the yield lines, consisting of relative rotation of 
the two adjoining parts of the slab about an axis whose location depends upon the 
supports (Johansen 1972). Therefore, it is seen that: 
Theorem 1: The yield line between two parts of a slab must pass through the 
point of intersection of their axes of rotation (Johansen 1972). 
1 I 
I I/ I 
I I 
I / 
I 
I 
I 
I 
I 
v 
I 
Figure 4.1 -Yield line pattems showing the yield lines passing through point of 
intersection of their respective axes of rotation 
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In the case of a part of a slab supported along its edge, the axis of rotation lies 
along the supporting edges. For a point support (column), the axis must pass over it. 
Therefore, we can have the appearance of the yield line pattern as shown in Figure 4.1. 
According to Johansen (1972), the yield line pattern may be obtained if the 
rotations e of the various parts are known. Let consider a deformed slabs cut by a plane at 
a distance l below the original plane of the slab. The intersections of this plane with the 
rotated parts of the slab will form contour lines on the defonned slab. The contour lines, 
which located at distances l/ e from the axes of rotation, intersect one another on the yield 
lines. These yield lines are thus determined by the points of intersection of the axes of 
rotation and the points of intersection of the corresponding contour lines. The result does 
not depend on l, and lis proportional to one of the rotations (Johansen 1972). From this it 
is seen that: 
Theorem II: The yield line pattern is determined by the axes of rotation of the 
various parts of the slab and the ratios between the rotations (Johansen 1972). 
If the yield lines are moved to other positions while the structure still has the same 
basic yield line pattern, there exists a special case where the failure load P is a minimum 
for a given moment capacity m per unit length of yield line. The minimum value of P can 
be calculated by mathematical differentiation. 
In order to determine the failure load of a slab with an assumed yield line pattern, 
the method of virtual work or the equations of equilibrium can be employed. The virtual 
work theorem states that the external work and the internal work are equal. The external 
work is the summation of the products of external forces and their conjugate 
displacements that arise from the virtual displacement system. The internal work is the 
summation of the products of the internal stress resultants with their conjugate 
defonnations (Warner et al. 1998). The equations of equilibrium can be obtained for each 
of the segments into which the slab is divided by the yield lines. The forces acting on any 
61 
one segment of a slab are the applied load, the support reaction, and along each yield line, 
a resultant bending moment, twisting moment and shear. There are six possible 
equilibrium equations for each segment, but many of these will be identically satisfied 
and are thus irrelevant (Warner et al. 1998). The number of unknowns always equals the 
number of equations therefore a solution is always possible. 
It is possible that the yield line pattern can produce a more complicated layout 
than its predecessor, whose critical layout could result in a lower failure load. For 
example, the yield line pattern for a simply supported square slab (length L) shown in 
Figure 4.2a can give a cracking point load of P = 24m/L2 (m is the moment capacity per 
unit length of slab) which is greater than that of P = 21.7m/L2 for the pattern shown in the 
Figure 4.2b (Jones and Wood 1967). Figure 4.2b shows the yield lines bifurcating near a 
corner. Such bifurcation results in the yield lines meeting the boundary normally. If the 
comer B is not held down, the small rectangle of slab rotates about AA and B lifts off the 
support. If B is held down, the slab cracks off across the line AA. This comer rectangle is 
often called a corner lever (Warner et al. 1998). 
Negative Yield Line 
Positive Yield Line 
(a) (b) 
Figure 4.2- Yield line patterns of two crossing yield lines (a) and the 'comer lever' yield 
lines (b) in a simply supported slab. 
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In another example, the cracking point load in a triangular slab with the layout 
and dimensions shown in Figure 4.3a is P = 10.75(m+m'), which is greater than that of 
P=2n(m+m') for the pattern shown in Figure 4.3b (Warner et al. 1998) where m and m' 
are the positive and negative moment capacity. A 'fan' pattern of yield lines frequently 
gives the lowest collapse load when point loads act on slabs. 
9m 
-- 8m ··-·· 
(a) 
----- Negative Yield Line 
Positive Yield Line 
(b) 
Figure 4.3- Yield line patterns of three positive yield lines and a negative yield line 
along the boundary (a); and a fan pattern of yield lines in the triangle slab (b). 
In the present investigation, the RD panel has been considered as a simple 
structure for which it is required to determine the load to cause first crack and subsequent 
post-crack behaviour. When a point load is introduced at the centre of a laboratory 
specimen, flexural stresses are developed throughout the panel. Based on elastic plate 
theory (Timoshenko and Woinowsky-Krieger 1959), the maximum tensile stress in an 
uncracked panel is predicted to occur on the opposite face along three radial lines 
between the supporting pivots (see Figure 4.4, from Bernard and Pircher 2000). As the 
load is increased, the tensile strength of the concrete matrix is eventually exceeded and a 
crack forms at the centre. This bifurcates and runs to the edges along the lines of 
maximum tensile stress to fonn a symmetric arrangement of three radial cracks. If the 
out-of-plane moment capacity of the material comprising the panel is truly elastic-
perfectly plastic, the load resistance will be maintained as the deflection is increased. 
However, as the cracks widen they ultimately separate at the centre as a result of 
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geometric constraints. No material will continue to support a moment across a 
discontinuity, so the load resistance will ultimately drop at severe deflections. 
/ Support 
Figure 4.4 - Radial stress distribution in a RD panel according to elastic plate theory 
(Bernard and Pircher 2000). 
Consideration of experimentally observed collapse behaviour in RD panels 
suggests many similarities to the premises upon which yield line theory is based. To 
understand the similarities, it is necessary to examine the assumptions made in 
undertaking a yield line analysis. These include, that: 
1. each yield line (ie. crack) is a straight line. In reality, cracks are jagged 
and seldom straight. 
2. the individual parts of a panel between the yield lines are regarded as 
plane. In real structures, quasi-elastic deformations arise from flexural, 
membrane, shear, and torsional stresses. 
3. the deformation that occurs at each yield line consists of a relative rotation 
of the two adjoining parts of the panel about axes whose location depends 
upon the placement of supports. 
4. yield lines are taken to occur simultaneously. In reality, cracks propagate 
from the centre opposite face to the edges in succession. 
To analyse a new structure, for which the collapse mechanism is unknown, the 
following steps are undertaken as part of a yield line analysis: 
1. A possible yield line pattern is adopted. 
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2. The ultimate moment capacity m per unit length is determined for the 
various yield lines. 
3. The collapse load P corresponding to the assumed yield line pattern is 
calculated by consideration of structural equilibrium. This calculation can 
be achieved by the use of static or virtual work principles. 
4. If necessary, the dimensions of the particular failure pattern are adjusted to 
minimise P. 
5. If a different yield line pattern is possible, this pattern is assumed and 
steps 2 to 4 are repeated until a minimum value of P is found. 
Central to this procedure is the virtual work theorem that states that the external 
work Uext and the internal work []j 111 in a mechanism must be equal to maintain structural 
equilibrium. The external work is the summation of the products of applied (external) 
forces and their conjugate displacements that arise within the virtual displacement 
system. The internal work is the summation of the products of the internal stress 
resultants and their conjugate strains. In RD panel tests, the external force is the point 
load, P, applied at the centre of the panel, and its conjugate displacement is the deflection 
at the centre, 8. The internal stress resultants are the moments of resistance at each yield 
line, m, and their conjugate strains are the corresponding crack rotation angles. 
The predicted load capacity of a structure depends on the pattern of yield lines 
chosen for analysis. According to Johansen (1972), the pattern that results in the lowest 
estimate of the equilibrium load will govern behaviour. Unfortunately, no method exists 
for predicting this pattern. Instead, it must be determined by trial and error, or by 
educated guesses. Not all patterns of yield lines are admissible. In the selection of a yield 
line pattern the following conditions must be satisfied: 
1. a yield line between two parts of a panel must pass through the point of 
intersection of their axes of rotation (fold lines). 
2. each yield line pattern is determined by the axes of rotation of the various 
parts of the panel and the ratios between the rotations. 
3. a line support must be an axis of rotation for a panel segment. 
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4. a point support must be on an axis of rotation. 
5. a negative yield line must form at a fixed support. 
For the case of a RD panel, several patterns of yield lines are possible and have 
been observed in laboratory tests. The two most common patterns are analysed as 
follows. The less common of theses consists of a single diametral crack through the 
centre resulting in a beam-like failure of the panel. The more common of the two consists 
of three radial cracks running from the centre to the free edges of the panel between the 
three pivot supports. 
4.2. YIELD LINE ANALYSIS FORRD PANELS 
In order to undertake yielding as well as post cracking analysis, a series of yield 
line analyses of possible failure modes in RD panels were performed. There are at least 
four possible yield line patterns of failure that can be examined to determine the peak 
load capacity. The first pattern is the pattern of a diametral single crack running through 
the centre of the round panel (see Figure 4.5). The second is a single yield line located 
off-centre (see Figure 4.6). The third is the fan yield line pattern. The last is the pattern of 
three radial yield lines shown in Figure 4. 7. 
4.2.1. Diametral yield line pattern for RD panel 
For the diametral pattern of yield lines (shown in Figure 4.5), the virtual 
displacement system is defined by a vertical displacement J at the centre of the panel. 
The external and internal energies can be expressed as: 
(4.1) 
and, 
U;nr = 2RBm (4.2) 
where R is the radius of the panel, e is the rotation at the yield line, and m is the moment 
of resistance per unit length of yield line. The rotation at the yield line is: 
e = e !t-B" (4.3) 
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where: 
(} '= 5' = 5 2cos(n-/6- a) 
y r 
(} "= ~· = 5 (3- 2cos 2 (n/6- a)) 
x rcos(n/6- a) 
r is the distance from the centre to the pivot (Figure 4.5). 
The failure load for this pattern is therefore 
p _ 6Rm [ 1 1 
- r cos(n/6-a) 
which is equal to a minimum value of 
6mR P=-- ,fora rc/6 
r 
(4.4) 
(4.5) 
(4.6) 
(4.7) 
Taking R = 400mm and r = 375mm (standard dimension for a RD test). 
Therefore, 
P= 6.4m 
! 
! 
! 
! 
/~Hinge Line 
-- Fold Line 
~-.Support 
(4.8) 
Figure 4.5 - Diametral yield line pattern for RD panel involving single hinge through 
centre. 
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4.2.2. Off-centre yield line pattern for RD panel 
For the off-centre pattern of yield lines (shown in Figure 4.6), the external energy 
is the same as ( 4.1) and internal energy can be expressed as: 
where his the length ofthe yield line. 
y is the distance from the centre to the crack line. 
-~~ 
/ _Support 
r 
~·--Crack 
I 
R --~·· 
j 
I 
--------·-
1 
I 
--t-
~.Fold line 
Figure 4.6- Off-centre yield line pattern for RD panel. 
The total rotation at the hinge is found as 
e = e '+B "= 15(-3-J 
r-y 
Hence 
(4.9) 
( 4.1 0) 
The minimum value of P occurs at y = 0. Therefore, taking R 400 mm and r = 
375 mm. We have: 
P = 6.4m (4.12) 
which is the same as ( 4.8). 
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4.2.3. Fan yield line pattern for RD panel 
Another mode of failure examined in this case is a fan around the point load. The 
expression of the failure load P in this standard failure mode described by Johansen 
(1972) is 
P = 4mn = 12.57m ( 4.13) 
Because the fan mode gives the largest value of cracking load of all the yield line 
patterns examined, this pattern is unlikely to occur. 
4.2.4. Three-yield line pattern for RD panel 
4.2.4.1. General case of a three-yield line pattern 
This is the yield pattern that is often seen in laboratory tests. The pattern of three 
yield lines (see Figure 4. 7) is analysed below for the general case of three unequal angles 
between yield lines. 
The external energy is expressed by equation (4.1) Uext =PeS, but the internal 
energy can be described by: 
Uint = R( ~B1 + ~B2 + m3B3 ) (4.14) 
where R is the radius of the panel, m1, m2, and m3 are the moments of resistance 
per unit length along the three yield lines, and 81, (h, and ():, are the angles of rotation 
between the sets of planes. 
By the virtual work theorem, Ucxt = [}jnt, hence 
P = R ( ~B1 + ~B2 + n~B3 )/ 5 (4.15) 
69 
' \· 
I ·· .... ,_. 
2\ 
'--~ ,/.y 
""' // ~ // 
/~~ 
3 
/ 
/ 
/ 
//Hinge Line 
/ 
/ 
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~~ Fold Line 
- Yield Line 
Figure 4. 7 - General pattern of three radial yield lines at unequal angles for a RD panel. 
Since the uncracked portions of the panel are assumed to remain plane, the 
rotation angles at the yield lines are determined by their location and the geometry of the 
panels. One can determine the three angles of rotation 81, fh, and (}3 with reference to 
Figure 4.8, which shows a RD panel with three radial cracks arranged at arbitrary angles 
r1, r2, y3 with respect to the bisectors of the unsupported sides. Considering the yield line 
radiating to the lower-most comer (E), the distance from pivot K to the closest point on 
the yield line, B, is found as 
h 13 = r.sin(n/3 + YI) 
and the distance from pivot I to the closest point on the yield line, C, is found as 
h12 = r.sin(n/3 - YI) 
where r is the radius to the pivoted supports. 
The deflections at points B and Care found as 
bB = (z- x). c5/z 
8c = (z _, y). c5/z 
where xis the distance from the centre A to B, 
x = r.cos(n/3 + YI) 
y is the distance from A to C, 
( 4.16) 
(4.17) 
( 4.18) 
( 4.19) 
(4.20) 
70 
y = r.cos(n/3 - Yl) 
and z is the distance from A to E, 
z r.cos(n/3 - y,) + h12/tana2 
r.sin(a2 + n/3- y,)/sina2 
( 4.21) 
(4.22) 
To find bB and b'c it is firstly necessary to determine the relationship between the 
corner angles a1, a2, a3, a4, as, and a6 . Consideration of triangles JUZ, AU3, AVZ and 
KV3 gives: 
~-as= Y3- n/6 
¢ + a6 = Y3 + n/6 
Similarly, 
¢- a, = Y1 - n/6 
v + a2 = Y1 + n/6 
v- a3 = Y2 - n/ 6 
~ + a4 = Y2 + n/6 
From ( 4.23) to ( 4.28), 
a, + a6 - Y3 + Y1 = n/3 
a2 + a3 - Y1 + Y2 = n/3 
a4 + as - Y2 + Y3 = n/3 
Applying the cosine law in the triangles AEK and AEI, we have 
sina1.cos v = sina2.cos¢ 
Similarly, 
sina3 .cos~ = sina4.cos v 
sinas.cos¢ = sina6.cos~ 
(4.23) 
(4.24) 
(4.25) 
( 4.26) 
(4.27) 
(4.28) 
(4.29) 
(4.30) 
( 4.31) 
(4.32) 
(4.33) 
(4.34) 
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Figure 4.8 - Detail of geometry for a general pattern of three radial yield lines at unequal 
angles for a RD panel. Note: c;, ¢, v are the angles between the sides of the general 
triangle 123 and symmetric triangle XYZ. 
Based on the expressions from (4.23) to (4.34) listed above, all of the corner 
angles a1, a2, a3, a4, as, and a6 can be solved with respect to the known angles y1, y2 and 
y3 which are the data recorded from tests. The solution is described in detail in Appendix 
4. 
The rotation of yield lineAE is then expressed as 
(}1 = atan(5clhJ2) + atan(bB/h13) 
which can be re-arranged as 
(}1 = atan(Ab) + atan(Bb) 
(4.35) 
(4.36) 
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where 
Similarly, the rotations of the other two yield lines can be expressed as 
where 
fh = atan(C5) + atan(D5) 
(h = atan(E5) + atan(F b) 
(4.37) 
(4.38) 
(4.39) 
(4.40) 
( 4.41) 
(4.42) 
(4.43) 
(4.44) 
The load to cause first crack of the concrete matrix can be found when the 
deflection tends to zero because elastic deformation prior to cracking is ignored. 
Therefore, from equation 4.15, 
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[ e e e J Pcrack = limP= R m1 lim~+ m2 lim : + m3 lim ; ii --70 ii --70 u ii --70 u ii --70 u 
Applying L'Hospital's Rule, 
. 81 _ • [atan(A5) + atan(B5)) _A B hm--hm - + 
ii-->0 5 ii-->0 5 
Similarly, 
Thus, 
e3 
and lim- = E + F 
ii-->0 5 
Pcrack = R(m1(A+B) + mz(C+D) + m3(E+F)) 
( 4.45) 
(4.46) 
( 4.47) 
(4.48) 
For the symmetric case in which all included angles between yield lines equal 
120° (ie. all midpoint angles y equal zero), m1 = m2 = m3 = m and 
Thus, 
J3 A=B=C=D=E=F=-
2r 
(4.49) 
(4.50) 
This expresswn is the same as the equation Bernard (1998b) obtained by a 
simplified analysis of the symmetric case. The magnitude of this estimate of P crack is 13 
per cent lower than the value given in equation (4.7) for the diametral mode of failure, so 
the three crack symmetric mode of failure will theoretically govern behaviour. 
The analysis described above is applicable to any collapse mechanism for which 
the moment resistance at each yield line is known. At the point of first crack of the 
concrete matrix, the moment resistance is assumed equivalent to the moment to cause 
first crack in beam elements representing the one-way bending capacity of the panel. 
Post-crack load capacity can be determined by increasing the displacement at the centre 
of the panel and using the moment of resistance offered by an equivalent one-way beam 
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at each corresponding crack rotation angle to find the load at equilibrium with these 
moments. The post-crack analysis must be performed in a step-wise manner to model the 
changing moment of resistance due to the strain softening exhibited by each of the yield 
lines as the rotation angles increase. 
4.2.4.2. Some special positions of three yield lines 
The ideal position of the cracks in a RD panel is exactly at the middle line 
between two pivots when the angles r1, y2 and y3 are zero. The cracking load shown in 
( 4.50) is then Pcrack = 3J3m R 
r 
If the midpoint angles r1, Y2 and Y3 are all equal to r (0< y<n/3), due to the 
symmetry of the yield lines, the triangle 123 created by the fold line is a symmetric 
triangle with the centroid A (see Figure 4.7). Therefore, the comer angles (see Figure 4.8) 
The comer angles always equal n/6 for every r1= r2 = Y3 = r(O< r<n/3). This 
could be checked by (A4.4), (A4.5), (A4.6), ( 4.29), ( 4.30) and ( 4.31) in the general case 
of a three yield line pattern. 
Due to symmetry, the rotation angles and moment capacities of the yield lines are 
the same. From ( 4.15), we have: 
P - 3R !!_ Crack - m (j ( 4.51) 
where Bean be determined from (4.36), (4.37) and (4.38) with a2= a4 = a6 = n/6 
From (4.37) and (4.38), we can have: 
J3 A=B=---
2rcosy 
(4.52) 
Therefore, B = 2a tan ---( J3o J 2rcosy (4.53) 
Thus, 
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atan(~;y J 
Pcrack = 6Rm !5 
If the rotation angle is small, atan( a) ::::: a. So, 
Pcrack = 3J3m R 
rcosy 
The load capacity is (1/cosy) greater than that in ( 4.50) 
4.2.4.3. Relationship between angular displacement and central deflection 
(4.54) 
(4.55) 
The geometrical relationships have been described above to represent the 
variation of each crack rotation when the central deflection of the round panel is 
increased. The crack rotation starts when the central deflection is zero because the elastic 
deformation is ignored. The applied load capacity at first crack reaches a maximum value 
and begins to decrease when the deflection increases beyond zero. This reflects the post-
crack strain softening behaviour of FRC in most RD panels. The relation between each 
angle of crack rotation in the three radial cracks and displacement at the centre were 
calculated using equations (4.36), (4.39) and (4.40). These relations can be determined 
for any position of the yield lines. The graphs in Figures 4.9, 4.10 and 4.11 represent the 
geometrical relationships between crack rotations and central deflection in a RD panel 
deflection corresponding to 5 cases of different midpoint angles (YI, y2, y3) in degrees. 
The variation of the angles (y1, y2, y3) gives rise to the variations in the angular rotation of 
each crack, but the variation of the angular rotation versus the central deflection is always 
linear. From these examples, it is apparent that the angle of crack rotation at each radial 
crack is likely to differ from the other two for the most combinations of (y1, y2, y3). 
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Figure 4.9- Geometrical relation of crack rotation 81 and central deflection ofRD panel 
for selected values of (y1, y2, YJ) in degrees. 
0.14 
r---, 
= ~ 0.12 .... 
"CC 
~ 
-
0.1 
N 
~ 0.08 -
~ 
~ 0.06 
= .s 0.04 
~ 
~ 0.02 
0 
0 
- 0,0,0 (degree) 
10,1 0,10 (degree) 
""'M "" -10,18,10 (degree) 
-10,-18,10 (degree) 
_,_ -10,18,-10 (degree) 
5 10 15 
Central Deflection (mm) 
20 25 
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Figure 4.11 - Geometrical relation of crack rotation ()3 and central deflection of RD panel 
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4.3. Numerical Analysis and Structural Modelling of RD panels 
The theory outlined above was developed into a numerical program to carry out a 
step-wise analysis of post-crack behaviour in RD panels. For each increment of 
displacement at the centre, the rotation at each crack was calculated based on the 
appropriate geometrical relation between crack rotation, crack location and central 
displacement. Each crack rotation was then used to find the moment of resistance based 
on a moment-crack rotation relationship derived from beam tests. The virtual work 
theorem described above was then used to solve for the post-crack load resistance of the 
panel. Each of the incremental displacements and the corresponding load capacities were 
incorporated into an iterative procedure in order to determine the non-linear post-crack 
relation between load and central deflection of the panel. 
A computer program was written using Fortran Lahey F77L source code. The 
source code is presented in the second volume. The structure and operation of the 
program are described in Figure 4.12. 
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I Input beam and panel dimensions I 
I Choose the yield line pattern I 
Select the beam test data to obtain 
the moment-crack rotation relation 
I Determine the cracking load I 
t 
I 
Impose the deflection at the centre of the panel I ... 
I 
I 
Calculate crack rotation angle at each yield linel 
Increase 
deflection 
Look up moment of resistance at each yield at centre 
line corresponding to crack angle rotation 
., 
I Determine load resistance using virtual work equation ~ 
t 
I Save the result of load-deflection response! 
t 
I Output results I 
Figure 4.12- Structure and operation of numerical code for the estimation of post-crack 
behaviour using yield line theory. 
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4.4.RESULTS 
The results of the experiments obtained by the author (described in Chapter 3) 
consisted of data representing the moment-crack rotation relationships for four sets of 
centrally loaded beams, and load-deflection histories for four corresponding sets of RD 
panels. The results for each set of nominally identical specimens have been superimposed 
in the figures in Chapter 3 to illustrate the level of variability of results typical for the 
beams and panels. Note that the beams generally suffered a very abrupt drop in moment 
capacity immediately after cracking. This was particularly pronounced in the specimens 
which were reinforced with polymer fibres. 
The expressions that resulted from curve fitting to the beam test data were used as 
input in the yield line analysis described in section 4.3 to produce estimates of post-crack 
behaviour in the panels. These have been compared to the experimental results from the 
panel tests as shown in Figures 4.13 to 4.16 and in Table 3. In each of these figures, the 
dark line represents the curve-fitted expression for the results of 20 panel tests. The grey 
line represents the results of numerical analyses based on moment-crack rotation data 
obtained from the beam tests. All the numerical analyses were performed for a symmetric 
arrangement of three radial yield lines where the midpoint angles r1 = r2 = Y3 = 0. The 
cracking load capacities were determined by using equation ( 4.48). 
The results of the numerical analyses only describe non-linear post-cracking 
relations between load and displacement, therefore the pre-crack displacement has been 
subtracted from the record and the curves start with the moments and load capacities 
corresponding to cracking of the concrete. 
Table 3. Experimental and numerical (semi-theoretical) results of cracking load. 
Panel Load to Cause First Crack (N) 
Set Test Theory Test/Theory 
l 32620 39374 0.828 
2 26057 30196 0.863 
3 34030 42966 0.792 
4 32573 43808 0.744 
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Figure 4.13 -Post-cracking load-displacement curves for Set 1 derived from experiments 
and numerical yield line analysis (symmetric arrangement of 3 yield lines). 
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Figure 4.14 Post-cracking load-displacement curves for Set 2 derived from experiments 
and numerical yield line analysis (symmetric arrangement of 3 yield lines). 
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Figure 4.15 -Post-cracking load-displacement curves for Set 3 derived from experiments 
and numerical yield line analysis (symmetric arrangement of 3 yield lines). 
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Figure 4.16 -Post-cracking load-displacement curves for Set 4 derived from experiments 
and numerical yield line analysis (symmetric arrangement of 3 yield lines). 
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4.5. DISCUSSION 
On inspection of the results it is apparent that the numerical estimate of the load 
to cause first crack of the panels is always greater than that found experimentally. 
Furthermore, in the immediate post-crack range, the numerical estimates of residual load 
capacity were lower than the experimental result. There are a number of possible reasons 
for this. 
Firstly, experimental factors can cause differences in material behaviour between 
beams and panels. The beams were cut on all faces, whereas the panels had a cast tensile 
face and a trowelled upper face. The condition of the tensile and compression faces 
therefore differed between the two types of specimen. The beams and panels were cured 
in different tanks which may have cause a small difference in material properties between 
beams and panels. 
The difference between the numerical and experimental estimates of residual load 
capacity in the immediate post-crack range may have arisen out of inherent problems 
with beam testing. Beams are known to exhibit unstable behaviour immediately after 
cracking if residual load capacity is low. This is due to the accumulation of strain energy 
in the test system that is suddenly released upon cracking of the beam. All the present 
beam tests were undertaken in displacement control and several of the mixes exhibited 
very low residual load capacity immediately after cracking which make them prone to 
instability. The consequences of unstable post-crack behaviour have been widely debated 
(Mindess 1995), but the present results suggest that unstable beam behaviour may under-
estimate capacity immediately after cracking. 
The discrepancies between the experimental and numerical results may also be 
due to shortcomings in the numerical analyses. The yield lines were assumed to be 
symmetrically arranged, but in the laboratory panel tests the angles between each yield 
line were close to but not equal to 120°. As the discrepancy in magnitude between the 
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three angles is increased, the numerical analysis predicts greater load resistance both at 
first crack and in the post-crack range. 
The differences between the experimental and numerical results at high levels of 
deflection can be due to the fact that the beam tests upon which the numerical results 
were based did not experience tensile axial loads equivalent to the membrane stresses 
suffered by the panels. The uncracked parts of each panel gradually separated at the 
centre as the deflection was increased, hence the moment resistance offered near the 
centre would have been lower than that exhibited by simply supported beams at similar 
crack rotation angles. This is a phenomenon that is very difficult to incorporate into a 
yield line analysis because each yield line is assumed to experience a constant moment of 
resistance along its length. The propagation of the yield lines from the centre out to edge 
of the panel can cause the actual moment at the centre to be less than that at the edge. 
4.6. SUMMARY 
A relationship between the load-deflection behaviour of RD panels and centrally 
loaded beams made of FRS was developed on the basis of yield line theory. This was 
validated using experimental data obtained from a large number of tests on FRS 
specimens incorporating different fibre types and fibre dosages. The numerical results 
was found to predict behaviour with reasonable accuracy, but agreement was limited by 
differences between the methods of preparing, cutting and testing the beams and panels, 
and by shortcomings in yield line theory. 
The results of the investigation into the geometrical relationships between the 
angular rotation at each crack and the central deflection of the panel showed that the 
variation in the crack position have an influence on crack rotation. Based on the known 
values of the crack rotation, the moment capacity was obtained by interpolation of the 
moment-crack relationships developed from tests on beam made of the same FRS mix. 
Therefore, the nonlinear post-cracking of load-defonnation response of a panel can be 
modelled once the crack positions are known. A symmetrical arrangement of a three-
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yield line pattern is an ideal case that does not often occur in the tests. Thus, numerical 
analysis in modelling the random positions of yield lines is necessary and is the subject of 
next stage of the investigation presented later in this thesis. 
There is a good agreement (see Figures 4.13 to 4.16) between the experimental 
and semi -theoretical results of non-linear post-cracking load-central deflection relations 
and cracking load capacities of the panels for four concrete sets. The results of this 
investigation have indicated that yield line theory is capable of modelling post-crack 
behaviour in strain softening FRS, but the accuracy of the prediction depends on the 
methoq used to calculate equilibrium within the failure mechanism. There is also a 
requirement to develop procedures that account for membrane tension across yield lines, 
as this appears to exert a significant influence on behaviour at high levels of deflection. 
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APPENDIX4 
DETERMINATION OF THE CORNER ANGLES IN ROUND 
DETERMINATELY SUPPORTED PANEL OF THREE-YIELD LINE FAILURE 
MODE 
Based on the expressions ( 4.23) to ( 4.34) listed above, it is possible to develop a 
system of equations to solve for the corner angles a 2, a4, and a6 (Figure A4.1) for any set 
of angles y1, Y2 and Y3· Using this approach, 
y 
Figure A4.1 -Detail of geometry for a general pattern of three radial yield lines at 
unequal angles for a RD panel. Note: ~' ¢, v are the angles between the sides of the 
general triangle 123 and symmetric triangle XYZ. 
;rr 
cos(y1 +-) 
a 2 = atan --------"=----;rr 
cos(y1 - -) 
- J3.siny1 + 6 j 
Al 
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where 
Similarly, 
ff 
cos(y3 +- ) 
A2 = atan ---------"-----;r 
cos(y3 - G) 
- J3.siny3 + - A3 
ff 
cos(y2 + ) 
a 4 = atan ------
6
"-----
;r 
cos(y2 - 6) 
-J3.siny2 + -------
BI 
where 
ff 
cos(y1 + -) 
B2 = atan -------=----;r 
cos(y1 - 6-) 
- J3.siny1 + -----
B3 
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and 
1C 
cos(y3 +- ) 
B
4 
= atan ---------"6'-------
Jr 
cos(y3- 6) 
- .J3osiny3 + - --- -1r 
tan(3-- Y3 + Yz - a4) 
1r 
cos(r3 + 6-) 
a 6 = atan -----~--­Jr 
0 
cos(y3 - 6) 
-.J3osmr3 + --- ---
Cl J 
where 
1C 
cos(rz + 6) 
c4 = atan -----~'-----
1[ 
0 
cos(y2 - 6) 
- .J3osmrz + 
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For simplicity, let us assume that 
Y32 = n/3 - Y3 + Y2 
Y21 = n/3 - rz + YI 
Yl3 = n/3 - y, + Y3 
y+1 = n/6 + Y1 
r+z = n/6 + Y2 
Y+3 = n/6 + Y3 
f1 = -n/6 + YI 
fz = -n/6 + rz 
f3 = -n/6 + Y3 
The above expressions can be simplified as follows: 
X1u1 2 + Y1u1 + Z1 = 0 
Xzuz2 + Yzuz + Zz = 0 
X3u3 2 + Y3u3 + Z3 = 0 
(A4.1) 
(A4.2) 
(A4.3) 
where 
(a13 sin y21 - a12 cos y21 )(cos y1- cos y13 - J3 sin y1 sin y13 ) + q2 cosy;( J3 sin y1 cos y13 +cos y1- sin y13 ) X~=~----------------------------------------------------------------------~ 
Jj= 
cosy13 cosy21 COSY32 
[
(a12 siny 21 + a 13 cosy 21 )(cosy1- cosy13 - J3 siny1 siny13 ) cosy; siny 13 (a 13 siny 21 - a12 cosy 21 )] 
+ cosy; [ b12 cosy: cosy 13 + bl3 ( J3 sin YJ cosy 13 + cosy 1- sin y 13 ) ] 
cosyl3 cosy21 COSY32 
- [ (a23 sin y 32 - a22 cosy 32 )(cosy 2 cosy 21 - J3sinrz sin y 21) + bn cosy: ( J3 siny 2 cosy 21 +cosy 2 siny 21) 
Xz -~----------------------------------------------------------------------~ 
cosy21 cosy32 cosy13 
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[
(a22 siny 32 + a23 cos Y32 )(cos Y2 cosy 21 - J3 siny 2 siny 21)- cosy; siny 21 (a23 siny32 - a22 cosy 32 )] 
+ cosy t [ b22 cos; cosy 21 + b23 ( J3 sin Yz cosy 21 + cosy 2 sin y 21 ) ] 
~ ==-----~----------------------------------------~-------------------------= 
cosy 21 cos Y3z cosy 13 
b23 cos Yt cosy; cosy 21 -cosy; siny 21 (an sin32 + a23 cos Y32) 
cosy21 cosy32 cosy13 
X3=~--------------------------------------------------------------------~ 
cosy13 cosy32 cosy21 
[
(a32 siny13 + a 33 cosy13 )(cosy3 cosy32 - f3 siny3 siny32 )- cosy; siny32 (a33 siny13 - a 32 cosy13 )] 
+cosy;[ b32 cosy; cos y32 + b33 ( J3 siny3 cos y32 +cosy 3 siny32 )] 0 ==-----~--------------------------------------~----------------------~ 
cos r 13 cosy 32 cosy 21 
b33 cosy; cosy; cosy 32 - cosy; sin y 32 ( a 32 sin13 + a 33 cos y 13 ) 
z3 =~------------------------------------------~ 
a12 = cosy; ( J3 sin y3 cos y32 +cos y3 siny32 )- J3 sin y 2 (cos Y3 cos y32 - J3 siny3 sin y32 ) 
a13 = cosy 2 (cos Y3 cos y32 - J3 siny3 sin y32 ) 
a22 =cosy;( J3 siny1 cosy13 + cosy1- siny13 )- J3 siny3(cosy1- cosy13 - J3 siny1 siny13 ) 
a 23 = cosy 3 (cos r 1- cosy 13 - J3 sin y 1 sin y 13 ) 
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The solution of the comer angles a2, a4 and a6 obtained from the quadratic 
equations (A4.1 ), (A4.2) and (A4.3) is: 
[ -~ +~~2 -4X1Z1 J a 2 = a tan __ __:__ _ -----'=___:__ 2X1 (A4.4) 
(A4.5) 
(A4.6) 
The other comer angles of a 1, a2 and a3 can be solved from (4.29), (4.30) and 
(4.31). 
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CHAPTERS 
EFFECT OF CRACK POSITION ON BEHAVIOUR OF ROUND 
DETERMINATE SUPPORTED PANELS 
5.1. GENERAL 
Within civil engineering, probabilistic methods of analysis have been developed 
in recent years and probabilistic approaches to analysis and design are well accepted. 
The variation and randomness of some properties in a structure can result in changes in 
performances and behaviour. A probabilistic model is adopted here for the analysis of 
FRC panels because it can help to obtain a solution with a degree of reliability. Arthur 
(1970) also illustrated the reason for this with the question, "If 20 lengths of metal each 
1.0 ± 0.1 in. are placed end to end, what is the total length?" A possible answer is 20 ± 
2.0 in., however it is not acceptable from an engineering viewpoint because the 
probability is zero that the total length is less than 18.1 in. or greater than 21.9 in. 
Therefore, the study of probabilistic models is necessary for engineers or designers to 
obtain a realistic assessment of reliability. Probabilistic models can be used in simulation 
methods; they can be used to analyse the uncertainties and assess the reliability of 
structures. In probabilistic models of axial shortening of tall buildings, Koutsoukis and 
Beasley ( 1996) modelled concrete properties as independent Gaussian random 
parameters. In the Monte Carlo model, the simulation was run with the random 
parameters generated from Gaussian processes. Mansour and Jaeger (1988) treated the 
elastic modulus of a material as a random variable with a lognormal probabilistic 
function in a Monte Carlo analysis and showed that reliable mean values of load 
distribution coefficients can be obtained by a deterministic analysis. 
Simulation has a long history and is a widely used numerical technique in 
engineering and science. In a simulation, a computer is used to evaluate a mathematical 
model that describes the behaviour of a system. A system is defined to be a collection of 
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entities, e.g., people or machines, which act and interact together toward the 
accomplishment of some logical end (Schmidt and Taylor 1970). In order to study the 
system, a model is defined to represent the system. In analysis, the model is mathematical 
rather than physical. A particular type of mathematical model of a system is called a 
simulation model. According to Naylor et al (1966), the simulation analysis can lead to a 
better understanding of the problem and give some suggestions to improve it. Simulation 
of a system can identify variables that are more important than others and show how they 
interact. 
Simulation models can be static or dynamic, and detenninistic or stochastic. 
According to Averill and Kelton (1982), a static simulation model is a representation of a 
system at a particular time (e.g. Monte Carlo simulation). A dynamic simulation model is 
a representation of a system as it evolves over time. A deterministic simulation model is a 
model that contains no random variables. A stochastic simulation model is a model 
containing one or more random variables. 
In this chapter, deterministic models of crack position in RD panels have been 
extended to a format incorporating probabilistic functions. Probabilistic distributions of 
yield line position in the panels are subsequently determined using standard goodness-of-
fit tests. Since the panels fail with crack positions that vary in each test, it is of interest to 
derive the probabilistic distribution function for crack positions using data obtained from 
a series of laboratory experiments. The function can be used in numerical analyses to 
determine the characteristic behaviour of the round panel. 
Monte Carlo simulation, a type of static simulation model, is used in the 
numerical analysis. In experiments, the crack lines are not always located at the middle 
point between two pivot supports where the midpoint angles equal to zero degrees. Yield 
line analysis in Chapter 4 showed that a variation in the yield line position could take an 
effect on the load-displacement relationship for the panel. Therefore, modelling of crack 
position based on MCS analysis in the panels is neccessary. Further work related to the 
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Monte Carlo analysis for crack modelling in FRS panels can be found in Tran et al 
(200lb). 
The objective of the present investigation is to predict the post-crack load-
deflection response of the panels based on moment-crack rotation relationships developed 
from tests on beams made of the same material and probability distribution functions 
(PDF) describing crack locations in the panels. A computer program based on yield line 
analysis integrated with a MCS analysis for modelling the variation of the crack location 
is developed to calculate semi-theoretical non-linear post cracking load-deflection curves 
for four sets of concrete mixes. The PDF for the crack patterns in a RD panel upon failure 
are used in the development and implementation of the MCS based on probabilistic 
analysis for the modelling of FRS. The probabilistic functions have to be obtained first. 
5.2. DISTRIBUTION FUNCTION FOR CRACK POSITION 
5.2.1. Crack Position 
It has been observed in experiments that a round panel with three point 
determinate support and central load is almost always broken into three segments after 
failure in flexure. Therefore, there are nonnally three radial cracks. These cracks are 
assumed to be straight. Many patterns of three radial cracks have been observed in 
laboratory tests while a failure mode consisting of a single diametral crack through the 
centre is rare. The origin of the cracks is assumed to be located immediately below the 
centre of loading and the cracks intersect each other at the centre of the round panel. The 
deviation of the crack from the midpoint line between two pivots is called the midpoint 
angle (see Figure 5.1a) which always varies from 0° to 60° on either side of the midpoint. 
In yield line analysis, this variation of midpoint angle is the variation in yield line pattern 
that leads to a change in the relationship between load capacity and deflection. Thus, 
obtaining a probabilistic function describing the crack position is an important step in 
numerically deriving the behaviour of FRS round panels. 
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Each of the cracks that occur in a RD panel has a corresponding value of midpoint 
angle. Since there are normally three cracks, each panel therefore gives rise to three 
midpoint angles. To date, midpoint angle data have been collected for about 700 panel 
tests, therefore giving rise to 2100 values of midpoint angle based on test results reported 
by Bernard (2001), Bernard and Pircher (2001), and Bernard et al. (2001). The data have 
been obtained in studies of thickness variation, strain rate, the post-cracking behaviour of 
FRS and FRC. In the thickness variation studies, the results of midpoint angles were 
collected from specimens tested at the same rate. In the strain rate study, all specimens 
were the same size, but were tested at different rates of displacement. In these 
investigations of post-cracking behaviour of FRS, round panels have been produced with 
different fibre types and concrete mixes. The total number of midpoint angles is actually 
less than 2100 because some panels produced a single diametral crack pattern after 
failure. It has taken about three years to collect the values of midpoint angles in 700 RD 
panel tests so the data is representative enough to obtain a good indication of crack 
position in the panels. 
Crack Angle 
Support 
Figure 5.1 -Diagram ofRD panel with three radial cracks. 
The midpoint angle data were recorded in an Excel spreadsheet in order to 
calculate the mean value, variance and cumulative frequencies and plot the histograms of 
frequencies for the crack position. The data of crack positions in the panel tests are listed 
in Appendix 5.1. 
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5.2.2. Chi-Square Test 
An analysis has been carried out using the data set of midpoint angles described 
above to determine a probability distribution function (PDF) relating angle and 
frequency. The most suitable distribution functions were deduced on the basis of the Chi-
square test (X2) for goodness-of-fit (Averill and Kelton 1982). The Chi-square statistic is: 
" (P - )z 
x2 =I j Pi 
j=l pi 
(5.1) 
where: n =number of data points, 
Pi = the observed probability value for a given histogram bar. 
Pi= the theoretical probability. 
There are many different ways to estimate a particular parameter of a giVen 
distribution function. The maximum-likelihood estimators (MLE's) (Averill and Kelton 
1982) are considered in this investigation. For each distribution type, a first guess of the 
best distribution parameters is to use the MLE's. In order to fit a distribution to the data 
set, there is a need for an initial set of parameters to work with. The MLE's are derived 
from the experimental data set and are different for each distribution function. 
Some MLE's are easy to calculate. For the normal function, the MLE's of 1-i and 
CY are the mean and standard deviation of the input data set. So, the mean and standard 
deviation of the data have to be found and these numbers are used as the initial 
parameters in the goodness-of-fit analysis. On the other hand, the MLE's for the Gamma 
or Weibull function are very complicated and must be solved numerically using a 
procedure such as Newton's method (Fogiel 1983). 
The MLE's for a distribution are the parameters of that function that maximize 
the likelihood of the distribution given a set of observation data. For any density 
distribution .fix) with parameters a, fJ, and a corresponding set of observational data Xi, an 
expression may be defined (Averill and Kelton 1982): 
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ll 
L = Ilf(Xpa,jJ) 
i=l 
To find the MLE, simply maximize L with respect to a and jJ: 
and solve for a, fJ, 0 0 0 0 
Employing an example for the Weibull distribution function, the density of the 
Weibull distribution function is given: 
{
afJ-a Xa-l e -(xi fJ)" if X > 0 
f(x) = 
0 otherwise 
Therefore, 
II 
L(a,jJ) = a"jJ-naTI xrle-(x,lfJ)a 
Let, l(a,jJ) = ln(L(a,fi)) 
Therefore, 
n n X ( J
a 
l(a,jJ) = nlna- nalnjJ +(a -1) ~lnx;-~ p 
Taking the differential (602), we have 
(5.2) 
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Or II a 
/3= 
n 
The solutions for f3 and a are solved numerically by Newton's method (Fogiel 
1983). 
5.2.3. Results of The Fitted Distribution Function 
The fit for the best probabilistic function of crack position is based on the Chi-square 
test method. The function that gives the smallest value of Chi-square ;(2 is the best-fitted 
PDF. This function is used in generating the random variables in a Monte Carlo simulation. 
The fitting of PDF's was undertaken using the program called "Best fit" in the Palisade tool 
package (Palisade Corporation, 1997). The program can fit up to 21 PDF's. The rank of some 
PDF's for the present data of midpoint angles in RD panel tests is presented in Table 5.1. 
Based on these results, it appears that the Weibull distribution is the best fit to the present 
data with the smallest value of the Chi-square parameter;?. 
The Weibull density and distribution function for midpoint angle data is given by: 
and F(x) = 1- e -[; r (5.3) 
where: a=1.108, (3=13.038 andx>O 
Mean= (f3/a) 1 (1/a) =12.549 (degree) 
Variance~~' [ 21 G)-~ r(~ Jll28 527 (degree2) 
Standard Deviation= 11.337 (degree) 
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where: f{<p)is the Gamma Function (Averill and Kelton 1982). 
Of) 
f(<p) = ft'~'- 1 e-r dt 
0 
Table 5.1 -Function rank to midpoint angle data by Chi-Square Test 
Function x2 
l.Weibull 0.228463 
2.Exponential 0.23289 
3.Beta 0.302383 
4.Extreme Value 0.401136 
5.Lognormal 0.415155 
The data described here are one-sided (0-60 degrees) with 0 degree being the 
centre-point for the distribution. Figure 5.2 demonstrates the histogram of the raw angle 
frequency data for RD panels. The bar diagram illustrates the frequency distribution. The 
graph shows that the midpoint angles vary from 0 to 20 degrees and the frequency seems 
to decrease as the crack angle increases. The data for midpoint angles were recorded in 
absolute values therefore the histogram displays one tail of the angle frequency. 
However, the sign of the angles are simulated randomly to be positive or negative in the 
numerical analysis. 
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Figure 5.2- The frequency distribution of the input experimental data. 
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Figure 5.3 displays two sets of data, these being the input density distribution and 
the Weibull density distribution created by the best-fit analysis based on Chi-Square 
(x2) for goodness-of-fit. The comparison graph superimposes the input and resultant 
distributions on the same graph. 
The difference between the input distribution and the fitted distribution is shown 
in Figure 5.4. This graph displays the absolute error between the input and Weibull 
distribution where the error is defined as the difference between the input and resultant 
probability. Comparing the magnitude of the error to the magnitude of the result, it can be 
seen that the result deviates significantly from the input for the range 0 to 20 degrees and 
to a lesser for the range 20 to 60 degrees. 
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Figure 5.3- Comparison ofthe input and Weibull distribution. 
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Figure 5.4- The difference between the input and Weibull distribution 
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5.3. MONTE CARLO ANALYSIS FOR CRACK MODELLING 
5.3.1. Monte Carlo Technique 
The Monte Carlo technique is well established. The Monte Carlo method refers to 
the technique of using random or pseudo-random numbers to sample from a probabilistic 
distribution. Random numbers are independent random variables uniformly distributed 
over the unit interval [0,1]. The pseudo-random number can be produced by arithmetic 
generators. The arithmetic generators, if designed carefully, can produce numbers that 
appear to be independent draws from a uniform distribution U in the interval [0, 1]. The 
Monte Carlo technique can be described as follows (Arthur 1970): 
1. Assume that the distribution of Y=g(X1, X2, ... , Xn) is known. The density 
functionj(:X1, X2, •.. , x;1) is also known. If a sample value of each random 
variable were known (say X 1= x11 , X 2= x 12 , . .. , x;1= x 1n) then a sample value of 
Y could be computed (say y1=g(x11 , x 12 , ... , x1n)). If another set of random 
variables (X1= x21, X2= x22, ... , Xn= X2n) were selected, y2=g(x21, x22, ... , X2n) 
could be obtained. 
2. The random variables X1, X2, ... , Xn are independent and have a uniform 
distribution between 0 and 1. Numbers for each random variable could be 
picked up from a table of random numbers. Computer routines generate 
pseudo-random numbers that may be used. 
3. The computer program to compute an approximation to the distribution Y can 
be described by a chart in Figure 5.5. 
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Input the number of iterations m 
Start i = 1 
• 
.. Generate random number 
Jlf' ... Xi!, Xi2, ... , Xin and save it 
Calculate yi=g(x1, x2, ... , Xn) 
~ 
1 Saveyi 1 
• I· · 1 1 ... I i< m? I z = z+ 1 res I 
No 
,, 
I Ouputyi _] 
Figure 5.5- The chart for computing a distribution using the Monte Carlo technique. 
5.3.2. Random Variable Generation 
In MCS, the algorithm firstly generates a random variable for each of the 
independent variables according to a specified PDF. There are many techniques for 
generating random variables, and the particular algorithm used must, of course, depend 
on the distribution which we wish to generate. The general approach for generating 
random variables included inverse transform, composition, convolution and acceptance 
rejection. In this investigation, the inverse-transform method (Reuven 1981) used in 
generating variables is described. 
In the inverse-tranfonn method, a random variable X that is continuous is 
generated, resulting in a cumulative distribution function F(x). F(x) is an increasing 
function when O<F(x)<l. Let F 1 be the inverse of the function F. An algorithm for 
generating the random variable X having a distribution function F is as follows: 
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4. Generate a value U that is uniformly distributed over the interval [0,1], says 
U(0,1). 
5. SetX=F1(U)andreturn. 
We already have the distribution functions of crack position in the panel. They are 
Weibull functions. The formula for the Weibull distribution function is: 
(ifx>O) and F(x) 0 (ifx::::_O) 
So to find F 1, we set U=F(x) or U = 1- e -o-r 
1 
And solve for x to obtain: x = F-1 (U) = ,8[-ln(l- u) ]a 
Thus, to generate the desired random variable we first generate U distributed as 
U(O, 1) and then let: 
1 
X = ,8[- ln(U) ]~ (5.4) 
where U can be 1-U, since 1-Uhas the same U(O, 1) distribution. 
5.3.3. Flow Chart Using MCS in the Panels 
The flow chart shown in Figure 5.6 is used to describe the Monte Carlo procedure 
for numerical modeling of the crack locations, in order to derive the load-deflection 
response for a RD panel. Based on the data collected from a laboratory experiments, the 
positions of the cracks in the panels are randomly located between each set of two pivot 
supports and are considered to be mutually independent. Therefore, the crack angles in 
the panels are taken to be the independent random variables in the MCS. A program 
based on yield line analysis integrated with MCS has been developed to calculate a semi-
theoretical load-deflection curve for the panels made with FRS based on the results from 
moment-rotation beam tests. Yield line analysis has already been described in Chapter 4. 
The expressions that resulted from curve fitting of the beam test data in Chapter 3 were 
used as input to the yield line analysis combined with MCS analyses to produce estimates 
ofnon-bnear post-crack behaviour in the panels. 
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In the program, firstly, the expression (5.4) was used to generate the random crack 
angles by generating the random variables U, which are uniformly distributed from 0 to 
1. Next, information describing beam and panel dimensions, and moment-crack rotation 
curves from beam tests, are input. The program then nms the procedure as described in 
the chart in Figure 4.12, in order to determine the non-linear post-cracking relation 
between load and deflection for each simulation run. All the above procedures are then 
repeated for the next simulation. The input of the crack angles and output of the load-
deflection responses were saved in a file. The chart in Figure 5.6 represents the MCS 
analysis in determining the load-deflection responses in four sets of FRS and FRC in RD 
panels. 
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I i 
I Input the beam and panel dimension J 
+ Input the number of iteration m 
Start i = 1 
~ 
Generate random numbers U1i, Uzi, and U3i 
... 
Calculate Y1 i, Yzi and Y3i and save it 
t 
Select the beam test data to obtain 
the relation of moment-crack rotation 
~ 
I Determine cracking load I 
• Impose the deflection at centre of panel 
• I Calculate crack rotation angle at each yield line J~ 
1 
Look up moment of resistance at each yield Increase 
line corresponding to crack angle rotation deflection 
at centre 
~ 
I 
Determine load resistance using virtual work equation ~ 
~ 
l Save the result of the /h load-deflection response J 
l 
i+l I Check I 
Yes i<m? 
~No 
I Output result I 
Figure 5.6- Flow chart using MCS analysis combined with yield line analysis in 
estimating non-linear post-cracking behaviour of the panels 
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5.3.4. Results of MCS Analysis of RD Panels 
Having developed the MCS, the numbers generated by the inverse-transform 
method must be random for the MCS to be valid. In MCS analysis, a random number 
generator for a specified PDF must be efficient in order to produce efficiencies in solving 
the whole problem. A Weibull distribution function, that was found to be the best fit 
based on the Chi-square test, has been used to generate the uniform random numbers on 
the interval (0,1). The computer program already included a procedure to produce those 
random numbers. Histograms of 30000 Weibull generated numbers in 10000 simulation 
runs (three random numbers were randomly generated in each simulation in order to 
produce three randomly midpoint angles) is shown in Figure 5.7. The midpoint angles 
were then determined using the generated random numbers. These angles were generated 
as either negative or positive in magnitude in order to show the position of the yield line 
in a close-wise or anti-clockwise orientation relative to the midpoint. The midpoint 
angles were converted to the positive values in order to compare with the theoretical 
frequency (sec Figure 5.7). 
6000 -,-----------------------------------------------~ 
5000 
4000 -
i 3000-
£ 
2000-
• Generated Number 
D Theoretical Frequency 
0 3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 48 51 54 57 60 
Angle (Degree) 
Figure 5.7 -- 30,000 Weibull random numbers generated using inverse-transform method 
(concrete mix of set 3). 
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Once the random numbers were obtained, the midpoint angles have been calculated in 
order to process with a yield line analysis to determine the non-linear post-cracking load-
deflection response using a deterministic analysis. This process is then repeated a large 
number of times known as the iteration number. The results can be presented in 
histogram form on completion. MCS results of load-deflection curves include a large 
series of data point from a large number of iteration. In the production of load-deflection 
curves, Microsoft Excel has been adopted, but due to a limitation with this program that 
only 255 curves can be obtained on a single set of axes. However, more than 55,000 data 
points can be drawn on the same graph. In each of the iterations, the program randomly 
chooses 1 data point on each load-deflection curve. Therefore, in 10,000 iterations, 
10,000 points can be plotted on the graph (see Figure 5.8). 
mm~ 50000 
40000 -l ~ 
~ 
~ 30000-
0 
.....l 
20000 
10000 
~- -- MCS --Experiment 
0+-----,-----~----~----~----~------~----~----~ 
0 5 10 15 20 25 30 35 40 
Det1ection (mm) 
Figure 5.8 - Comparison between mean load-deflection curve for RD panels from 
experiment and 10,000 data points from 10,000 MCS analyses for concrete mix set 3. 
Each of the data points in the MCS results was randomly interpolated within post-
crack load-deflection response that was calculated using an increment of deflection at the 
centre in order to determine the load capacity. The purpose of this is to guarantee that the 
data points were randomly distributed on each graph in order to produce a representative 
comparison with the numerical results. Each of the data points represented a particular 
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non-linear post-crack load-deflection curve corresponding to a specific position of three 
yield lines in the panel. Another output from each MCS was the load capacity at first 
crack. The cracking load was determined using expression ( 4.48) derived in Chapter 4 
when the central deflection tends to zero. The cracking load obtained for 10,000 MCS 
runs using concrete mix set 3 was also shown in histogram format (see Figure 5.9). The 
mean cracking load of 44806N and the standard deviation (S.D.) of 2305N are shown in 
the graph. All the results for the four concrete sets have been presented in Appendix 5.2. 
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Figure 5.9 -Cracking load capacity of the RD panel from 10,000 MCS analyses for Set 3. 
5.3.5. Results of MCS Analysis for the Panels with Small Variation of Crack Angles 
As shown in the last section, the frequency of midpoint angles greater than 20 
degrees is small. The observations in the laboratory showed that three crack angles in a 
RD panel can be together less than 20 degrees. Therefore, the numerical work in MCS 
analysis has been restrained for the variation of three midpoint angles from 0 to 20 
degrees in order to see how the variation of the non-linear post cracking load-deflection 
curves is. As shown in Figure 5.1 0, the variation of 200 load-deflection curves for 
concrete mix set 3 in 200 MCS runs is small when the crack angles were randomly 
generated in the range from 0 to 20 degrees. The result in Figure 5.11 indicates that the 
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Figure 5.10 - Comparison between experimental load-deflection curve for RD 
panels (the thickest curve) and 200 curves from 200 MCS runs with midpoint 
angles varying from 0° to 20° for concrete set 3. 
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Figure 5.11 - Comparison between load-deflection curve for RD panels from 
experiment (the thickest curve) and 200 curves from 200 MCS nms with midpoint 
angles varying from 0° to 60° for concrete set 3. 
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modelling of the full range of crack angles from 0 to 60 degrees generated non-linear post 
crack load deflection curves lying close to the experimental fitted curve. The MCS 
responses of load-deflection in curve format of 200 iterations for four sets are included in 
the Appendix 5 .2. 
5.4. DISCUSSION 
The mid-point angles in the RD panel normally appear in the range from 0 to 20 
degrees. Crack angles from 55 to 60 degrees appear to be rare (Figure 5.2). The highest 
frequency occurs at a crack angle of zero degrees corresponding to the ideal case of crack 
position exactly at the midpoint between two pivots. 
The Exponential (~) and W eibull (1, ~) distribution functions are very similar. 
Weibull (1, /3) : F ( x) = 1 - e -( j; r = 1 - e -(;) 
Exponential(j3): F(x) = 1- e -(~) 
Therefore, the Chi-Square values of these functions are approximately the same 
when the parameter a (in this case a= 1. 108481) in the W eibull distribution function is 
close to 1. 
The estimate of the Coefficient of Variation (COV) is to indicate variability in the 
test data. The COY (see Appendix 6.1) of the best-fitted distribution functions for the 
panel are less than 1 and close to the COV of the input data. 
Based on Figures A5.1 to A5.4 and Table A5.3, the frequency and COV of 
randomly generated numbers for the Monte Carlo analysis of 10,000 runs showed a close 
agreement to the semi-theoretical case (Weibull distribution function). The average 
cracking load capacities for four sets of concrete corresponding to the number of MCS 
runs became more constant when the number of simulations was larger (see Figure 5.12). 
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Figure 5.12 -The graph of the mean cracking load capacities four sets of concrete against 
the number of simulations. 
The value of the MCS is to take into account the variation of yield line positions 
in the panels. The results have shown the variability of the cracking load and the relation 
of post-crack load-deflection curves. The post-crack results are very similar to the 
experimental results. The differences are in the cracking load and residual load in the 
range l-5mm of deflection. The differences between the numerical and experimental 
results were already discussed in Chapter 4. Despite the influence of other factors, the 
most important reason for these differences between and numerical results is the variation 
in the position of the yield line, which is represented by the magnitude of the midpoint 
angles. In this investigation, the variation in the midpoint angles is incorporated into a 
MCS analysis in order that estimates of load-deflection output for the panels can be 
made. The results displayed in Figures A5.5 to A5.8 indicate that a distribution of data 
points exists around the experimental curves. This is not evident in the analyses described 
in Chapter 4 in which the three yield lines are constrained to a symmetrical arrangement 
This implies that the crack position has a significant effect on the variation of load-
displacement responses in the panels. This improvement has indicated that yield line 
analysis incorporated a PDF in MCS analysis describing the characteristic crack pattern is 
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capable of accounting for a significant part of the variation in post-cracking behaviour in 
the FRS panels. 
5.5. SUMMARY 
A thorough investigation of the probability distribution function for a 
phenomenon requires a large set of test data. The more data that is collected the more 
accurate the resulting distribution function. The data gathered here is based on many tests 
ofRD panels. In these tests, a Weibull distribution function for midpoint angular position 
has been found to best represent observed data. The Weibull parameters a and j3, have 
been found to be equal to 1.108 and 13.038 respectively. The best fitted PDF's for the 
crack positions can be incorporated into the numerical method to derive the post-crack 
behaviour of the panel. 
By considering the variation in the position of the yield lines in the panels, yield 
line theory combined with MCS is develope,d to model non-linear post-cracking 
behaviour in strain softening FRS. The analysis showed that the crack position could 
have an effect on the post-crack behaviour of the FRS panels. From the studies of the 
panel specimens in this investigation, the conclusion can be made that yield line analysis 
incorporating a MCS analysis can provide a good prediction of post-cracking behaviour 
in FRS RD panels but the accuracy still depends on calculating equilibrium within the 
failure mechanism. The accuracy of the predictions is limited by differences in the 
methods of preparing, cutting, and testing beams and panels. 
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APPENDIX 5.1 
FREQUENCY OF CRACK POSITIONS IN RD PANELS 
The cumulative frequency distributions of the input data are shown in the Table 
AS.l. The probability of the values of midpoint angles is also calculated as percentage. 
Table A5.1 The frequency ofmidpoint angles in RD panels. 
Angle Cumulative Frequency Percent Angle Cumulative Frequency Percent 
(Degree) Frequency (Degree) Frequency 
0 202 202 10.020 31 1898 6 0.298 
1 274 72 3.571 32 1910 12 0.595 
2 380 106 5.258 33 1920 10 0.496 
3 450 70 3.472 34 1924 4 0.198 
4 515 65 3.224 35 1930 6 0.298 
5 598 83 4.117 36 1939 9 0.446 
6 653 55 2.728 37 1944 5 0.248 
7 728 75 3.720 38 1949 5 0.248 
8 880 152 7.540 39 1950 1 0.050 
9 968 88 4.365 40 1961 11 0.546 
10 1114 146 7.242 41 1961 0 0.000 
11 1193 79 3.919 42 1968 7 0.347 
12 1286 93 4.613 43 1971 3 0.149 
13 1333 47 2.331 44 1973 2 0.099 
14 1368 35 1.736 45 1979 6 0.298 
15 1420 52 2.579 46 1979 0 0.000 
16 1459 39 1.935 47 1982 3 0.149 
17 1494 35 1.736 48 1991 9 0.446 
18 1562 68 3.373 49 1996 5 0.248 
19 1622 60 2.976 50 2007 11 0.546 
20 1676 54 2.679 51 2008 1 0.050 
21 1719 43 2.133 52 2010 2 0.099 
22 1761 42 2.083 53 2010 0 0.000 
23 1776 15 0.744 54 2012 2 0.099 
24 1791 15 0.744 55 2015 3 0.149 
25 1808 17 0.843 56 2015 0 0.000 
26 1817 9 0.446 57 2015 0 0.000 
27 1835 18 0.893 58 2015 0 0.000 
28 1856 21 1.042 59 2016 1 0.050 
29 1869 13 0.645 60 2016 0 0.000 
30 1892 23 1.141 
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Let X 1, X 2, ... , Xn be the n observations of the midpoint angles above, which are 
randomly collected from the RD panel tests. The mean of the distribution of the X/s can 
be calculated as: 
n I xi 
X(n) = .i::!__ = 12.1096 
n 
where n which is the number ofmidpoint angles is equal to 2016. 
The variance ofthe distribution oftheX/s is: 
f[xi-X(n)]2 
s 2 (n) = i=J = 112.808 (n = 2016) 
n 
The coefficient of variation (COY) of the test data is defined as the mean divided 
by the standard deviation: 
cov = pe;;) = 0.877 
X(n) 
The COY of the fitted distribution functions are presented in the Table A5.2. Note 
that the parameters and expressions of the functions, the mean and variance can be 
referenced in Averill and Kelton (1982). 
Table A5.2- COY of the fitted probabilistic functions 
Function Parameter 1 Parameter 2 Mean Variance COY 
Weibull 1.108481 13.037712 12.549 128.527 0.903 
Exponential 12.585902 12.586 158.405 1.000 
Beta 0.908373 3.493508 12.586 112.777 0.844 
Extreme Value 6.816536 8.280117 12.584 112.777 0.844 
Lognormal 17.26181 35.797958 17.262 1281.494 2.074 
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APPENDIX 5.2 
LOAD-DEFLECTION RESPONSES FROM MCS ANALYSIS 
The results presented for 10,000 MCS runs modelling the four sets of concrete 
specimens included the output of generated random numbers, data points of load-
deflection and load capacity at the first crack. The comparison between the generated 
random numbers and theoretical frequency, load-deflection data points, and experimental 
load-deflection curves are also shown in the figures below. The results for the cracking 
load capacities in 10,000 MCS runs for four sets of concrete are summarised in Table 
A5.3. 
Table A5.3- Generated numbers and cracking load capacities in 10,000 MCS runs 
Generated Crack Angle (degree) 
Mean S.D. cov (%) 
Set 1 12.288 10.685 86.96 
Set 2 12.285 10.685 86.97 
Set 3 12.269 10.655 86.84 
Set 4 12.273 10.644 86.73 
Theory 12.549 11.337 90.30 
MCS Experimental 
Cracking Cracking Experiment 
Load (N) Load (N) /Theory 
Mean S.D cov (%) Mean S.D cov (%) Mean S.D cov 
41042 1902 4.63 32620 1805 5.53 0.795 0.949 1.194 
31473 1649 5.24 26057 1518 5.83 0.828 0.921 1.113 
44806 2305 5.14 34030 1358 3.99 0.759 0.589 0.776 
45654 2169 4.75 33023 2410 7.30 0.723 1.111 1.537 
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A5.2.1. GENERATED RANDOM NUMBERS 
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Figure AS .1 - 30,000 Wei bull random numbers generated using inverse-transform 
method (concrete mix of set 1). 
SET2 
6000 -.------------------------------------------------. 
5000 
4000 
Q 
5 
::3 3000 -
cr' 
£ 
2000 
II Generated Number 
0 Theoretical Frequency 
0 3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 48 51 54 57 60 
Angle (Degree) 
Figure A5.2- 30,000 Weibull random numbers generated using inverse-transform 
method (concrete mix of set 2). 
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Figure A5.3- 30,000 Weibull random numbers generated using inverse-transform 
method (concrete mix of set 3). 
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Figure A5.4- 30,000 Weibull random numbers generated using inverse-transform 
method (concrete mix of set 4). 
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A5.2.2. LOAD-DEFLECTION RESPONSE 
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Figure A5.5- Comparison between load-deflection curves for RD panels from 
experiment and 10,000 data points from 10,000 MCS analyses for Set 1. 
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Figure A5.6- Comparison between load-deflection curves for RD panels from 
experiment and 10,000 data points from 10,000 MCS analyses for Set 2. 
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Figure A5.7- Comparison between load-deflection curves for RD panels from 
experiment and 10,000 data points from 10,000 MCS analyses for Set 3. 
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Figure A5.8- Comparison between load-deflection curves for RD panels from 
experiment and 10,000 data points from 10,000 MCS analyses for Set 4. 
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A5.2.3. FREQUENCY OF CRACKING LOAD CAPACITY IN RD PANELS 
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Figure A5.9- Frequency of cracking load capacity of the RD panels from 10,000 MCS 
analyses for Set 1. 
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Figure A5.1 0- Frequency of cracking load capacity of the RD panels from 10,000 MCS 
analyses for Set 2. 
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Figure A5.11 Frequency of cracking load capacity ofthe RD panels from 10,000 MCS 
analyses for Set 3. 
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Figure A5.12- Frequency of cracking load capacity of the RD panels from 10,000 MCS 
analyses for Set 4. 
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A5.2.4. LOAD-DEFLECTION CURVES IN MCS RESULTS 
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Figure A5.13 - Comparison between experimental load-deflection curve for RD 
panels (the thickest curve) and 200 curves from 200 MCS runs with midpoint 
angles varying from 0° to 20° for concrete set 1. 
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Figure A5 .14 - Comparison between experimental load-deflection curves for RD 
panels (the thickest curve) and 200 curves from 200 MCS runs with midpoint 
angles varying from 0° to 60° for concrete set 1. 
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Figure A5.15- Comparison between experimental load-deflection curve for RD 
panels (the thickest curve) and 200 curves from 200 MCS runs with midpoint 
angles varying from 0° to 20° for concrete set 2. 
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Figure A5.16- Comparison between experimental load-deflection curve for RD 
panels (the thickest curve) and 200 curves from 200 MCS runs with midpoint 
angles varying from 0° to 60° for concrete set 2. 
123 
SET3 
60000-
50000 
40000-
,___ 
z 
'-' 
"0 30000 o:! 
0 
.....:! 
20000 -
10000 ~ 
0 
0 5 10 15 20 25 30 35 40 
Deflection (mm) 
Figure A5.17 - Comparison between experimental load-deflection curve for RD 
panels (the thickest curve) and 200 curves from 200 MCS runs with midpoint 
angles varying from 0° to 20° for concrete set 3. 
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Figure A5.18 - Comparison between experimental load-det1ection curve for RD 
panels (the thickest curve) and 200 curves from 200 MCS runs with midpoint 
angles varying from 0° to 60° for concrete set 3. 
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Figure A5.19- Comparison between experimental load-deflection curve for RD 
panels (the thickest curve) and 200 curves from 200 MCS runs with midpoint 
angles varying from 0° to 20° for concrete set 4. 
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Figure A5.20- Comparison between experimental load-deflection curve for RD 
panels (the thickest curve) and 200 curves from 200 MCS runs with midpoint 
angles varying from 0° to 60° for concrete set 4. 
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A5.3. INDEPENDENCY OF THE POSITIONS OF THREE CRACKS 
In this Appendix, the discussion shown below is to argue that the three crack 
positions in the RD panel are independent. 
According to Averill and Kelton (1982), the covariance Cj between the random 
variables Xi and Xj ( i, j = 1, 2, 3, .. , n) represented for a measure of their independence is 
defined by 
Cj = E[ (Xi - J.ti)(Xj - /.1j)] = E(Xi Xj) - f.lif.lj (AS .1) 
Where: E(Xi Xj) = L Pij Xi Xj 
Pij = Pi(Xi) Pj(Xj) 
(AS.2) 
If Cij = 0, then the random variables Xi and Xj are uncorrelated. This can be 
applied to prove that the crack angles y1, y2, and y3 are independent random variables. 
Support 
Crack 
Figure AS.21 -Crack positions in a RD panel. 
Let use the information of crack angles in the author's data set 1 of RD panels 
(see Table AS.4). The crack angles are assumed to be positive if they occur at the 
clockwise direction of the midpoint line (in Figure AS.21, y1 and y2 are positive and y3 is 
negative. The frequency and probability P 1, P2 , and P3 of crack angles y1, y2 and y3 are 
presented in Table AS.S. Therefore, the calculated values of YtYz, Y1Y3, Y2Y3, P1P2, P1P3 
and P3P2 are obtained and shown in Tables AS .6 to AS .11. 
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Table A5.4- Crack angles (degree) of RD panels in concrete set 1. 
Panel "fl Y2 Y3 
1 13 9 -14 
2 28 11 -11 
3 13 0 7 
4 0 0 -22 
5 -14 -17 -4 
6 -11 -9 14 
7 -19 0 -21 
8 0 -2 0 
9 -3 36 -19 
10 16 0 8 
11 -6 11 -11 
12 4 12 -8 
13 3 19 -8 
Mean 1.846154 5.384615 -6.84615 
Table A5.5- Probability (P1, P2, and P3) and frequency of crack angles. 
Yt Frequency Probability Yz Frequency Probability Y3 Frequency Probability 
-19 1 0.077 -17 1 0.077 -22 1 0.077 
-14 1 0.077 -9 1 0.077 -21 1 0.077 
-11 1 0.077 -2 1 0.077 -19 1 0.077 
-6 1 0.077 0 4 0.308 -14 1 0.077 
-3 1 0.077 9 1 0.077 -11 2 0.154 
0 2 0.154 11 2 0.154 -8 2 0.154 
3 1 0.077 12 1 0.077 -4 1 0.077 
4 1 0.077 19 1 0.077 0 1 0.077 
13 2 0.154 36 1 0.077 7 1 0.077 
16 1 0.077 8 1 0.077 
28 1 0.077 14 1 0.077 
Table A5.6- The product ofy1Y2 
Yt Y2 
-17 -9 -2 0 9 11 12 19 36 
-19 323 171 38 0 -171 -209 -228 -361 -684 
-14 238 126 28 0 -126 -154 -168 -266 -504 
-11 187 99 22 0 -99 -121 -132 -209 -396 
-6 102 54 12 0 -54 -66 -72 -114 -216 
-3 51 27 6 0 -27 -33 -36 -57 -108 
0 0 0 0 0 0 0 0 0 0 
3 -51 -27 -6 0 27 33 36 57 108 
4 -68 -36 -8 0 36 44 48 76 144 
13 -221 -117 -26 0 117 143 156 247 468 
16 -272 -144 -32 0 144 176 192 304 576 
28 -476 -252 -56 0 252 308 336 532 1008 
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Table A5.7- The product of P1P2 
pl Pz 
0.077 0.077 0.077 0.308 0.077 0.154 0.077 0.077 0.077 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 0.006 0.006 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 0.006 0.006 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 0.006 0.006 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 0.006 0.006 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 0.006 0.006 
0.154 0.012 0.012 0.012 0.047 0.012 0.024 0.012 0.012 0.012 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 0.006 0.006 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 0.006 0.006 
0.154 0.012 0.012 0.012 0.047 0.012 0.024 0.012 0.012 0.012 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 0.006 0.006 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 0.006 0.006 
Table A5.8- The product of y('{3 
Y1 Y3 
-22 -21 -19 -14 -11 -8 -4 0 7 8 14 
-19 418 399 361 266 209 152 76 0 -133 -152 -266 
-14 308 294 266 196 154 112 56 0 -98 -112 -196 
-11 242 231 209 154 121 88 44 0 -77 -88 -154 
-6 132 126 114 84 66 48 24 0 -42 -48 -84 
-3 66 63 57 42 33 24 12 0 -21 -24 -42 
0 0 0 0 0 0 0 0 0 0 0 0 
3 -66 -63 -57 -42 -33 -24 -12 0 21 24 42 
4 -88 -84 -76 -56 -44 -32 -16 0 28 32 56 
13 -286 -273 -247 -182 -143 -104 -52 0 91 104 182 
16 -352 -336 -304 -224 -176 -128 -64 0 112 128 224 
28 -616 -588 -532 -392 -308 -224 -112 0 196 224 392 
Table A5.9- The product of P 1P3 
pl p3 
0.077 0.077 0.077 0.077 0.154 0.154 0.077 0.077 0.077 0.077 0.077 
0.077 0.006 0.006 0.006 0.006 0.012 0.012 0.006 0.006 0.006 0.006 0.006 
0.077 0.006 0.006 0.006 0.006 0.012 0.012 0.006 0.006 0.006 0.006 0.006 
0.077 0.006 0.006 0.006 0.006 0.012 0.012 0.006 0.006 0.006 0.006 0.006 
0.077 0.006 0.006 0.006 0.006 0.012 0.012 0.006 0.006 0.006 0.006 0.006 
0.077 0.006 0.006 0.006 0.006 0.012 0.012 0.006 0.006 0.006 0.006 0.006 
0.154 0.012 0.012 0.012 0.012 0.024 0.024 0.012 0.012 0.012 0.012 0.012 
0.077 0.006 0.006 0.006 0.006 0.012 0.012 0.006 0.006 0.006 0.006 0.006 
0.077 0.006 0.006 0.006 0.006 0.012 0.012 0.006 0.006 0.006 0.006 0.006 
0.154 0.012 0.012 0.012 0.012 0.024 0.024 0.012 0.012 0.012 0.012 0.012 
0.077 0.006 0.006 0.006 0.006 0.012 0.012 0.006 0.006 0.006 0.006 0.006 
0.077 0.006 0.006 0.006 0.006 0.012 0.012 0.006 0.006 0.006 0.006 0.006 
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Table AS .1 0 - The product of Yi'(3 
Y3 Yz 
-17 -9 -2 0 9 11 12 
-22 374 198 44 0 -198 -242 -264 
-21 357 189 42 0 -189 -231 -252 
-19 323 171 38 0 -171 -209 -228 
-14 238 126 28 0 -126 -154 -168 
-11 187 99 22 0 -99 -121 -132 
-8 136 72 16 0 -72 -88 -96 
-4 68 36 8 0 -36 -44 -48 
0 0 0 0 0 0 0 0 
7 -119 -63 -14 0 63 77 84 
8 -136 -72 -16 0 72 88 96 
14 -238 -126 -28 0 126 154 168 
Table AS .11 -The product of P2P3 
p3 p2 
0.077 0.077 0.077 0.308 0.077 0.154 0.077 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 
0.154 0.012 0.012 0.012 0.047 0.012 0.024 0.012 
0.154 0.012 0.012 0.012 0.047 0.012 0.024 0.012 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 
0.077 0.006 0.006 0.006 0.024 0.006 0.012 0.006 
From the expression AS.2, 
E(YJYz) = 9.941 
E(YIY3) =-12.639 
E(YJYz) =-36.864 
19 36 
-418 -792 
-399 -756 
-361 -684 
-266 -504 
-209 -396 
-152 -288 
-76 -144 
0 0 
133 252 
152 288 
266 504 
0.077 0.077 
0.006 0.006 
0.006 0.006 
0.006 0.006 
0.006 0.006 
0.012 0.012 
0.012 0.012 
0.006 0.006 
0.006 0.006 
0.006 0.006 
0.006 0.006 
0.006 0.006 
The mean values J.-i1, J.-iz and J.-i3 were calculated from Table AS.4. Therefore, 
/-iJ/-i2 = 9.941 
/-lJ/-i3 =-12.639 
/-i3/-l2 =-36.864 
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From the expression A5.1, C12, C13 , and C32 are zero. Thus, the crack angles y1, y2 
and y3 are independent random variable. 
FRS RD panels are made by concrete with steel or synthetic fibres which are 
randomly mixed by rotating the bowl in order to obtain the uniform distribution of the 
fibres and ingredients of the concrete. The material in the panel is not homogeneous 
therefore the cracks likely occur at the position where the concrete matrix is weakest. An 
initial crack can occur in one sector before the next cracks in other sectors. It is likely that 
the later cracks depend on the initial crack. However, the observations in the panel tests 
showed that the cracks quickly propagate from the centre to the edge of the panels at the 
same time and the crack positions are likely random (see Table A5.4). It can be said that 
the crack positions are much more dependent on microstructure of concrete than 
macrostructure of the FRS RD panel. 
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CHAPTER6 
EFFECT OF THICKNESS AND TOUGHNESS ON BEHAVIOUR OF ROUND 
DETERMINATE SUPPORTED PANELS 
6.1. GENERAL 
The round determinate supported panel test represents a reliable and 
economical post-crack performance assessment for FRC and FRS. The numerical 
analyses shown in the preceding Chapters were successful in modelling the non-linear 
post-crack behaviour of RD panels based on flexural data obtained from beams. 
However, the analysis was only done for RD panels with a standard thickness of 
75mm and does not consider the effect of thickness variation. In the laboratory and 
field, the way the specimens are produced can cause thickness of the panel to be out 
of tolerance and the panel does not have a uniform thickness. The out-of-tolerance in 
thickness can also arise when shotcrete is used. In practice, the errors in specimen 
thickness, which have been estimated to be about ± 20 mm (Bernard and Pircher 
2000), can lead to significant variations in post-crack performance of the panels. 
Several sets of specimens with thickness varying from 45mm to 95mm, in increments 
of lOmm, have therefore been investigated. Note that a variation in diameter of the 
panels is not considered in this investigation and have been maintained at 800 mm. 
The objective of this investigation is to examine the influence of thickness on 
the peak load capacity, non-linear post-cracking load-displacement relations of RD 
panels and derive the relationships between thickness and both cracking load and 
post-crack capacity for these panels. Another aim of this investigation is to show the 
influence of toughness on the post-crack performance on cracking load capacity of 
RD panel. The numerical analysis is based on yield line theory combined with a MCS 
analysis for modelling the crack position in a RD panel. The numerical analysis and 
experimental work have been done for different thicknesses of beams and panels for a 
central deflection up to 40mm which represents a very high level of deformation. The 
reason for the thickness studies is to see if the numerical models work for a wide 
range of specimen thickness. 
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6.2. EXPERIMENTAL RESULTS AND FITTED CURVES 
6.2.1. Summary of Experimental Program 
In this investigation, the experimental program included the same formwork, 
spraying, centrally loaded beam tests and RD panel tests that were described in detail 
in Chapter 3. However, different mix designs were included as described by Mekary 
(University of Western Sydney) who undertook most of the experimental work. The 
ingredients of the cement and aggregate were the same as for the sets that of the 
author. The ingredients of fibre types in: 
Set 1 are 25 kg/m3 of 38 mm Wavecut steel fibres 3.8 kg/m3 of Barchip 
HT48 fibres. 
Set 2 is 10 kg/m3 of 50 mm HPP fibres. 
Set 3 are 43 kg/m3 of hooked-end steel fibres and 9 kg/m3 of assorted 
synthetic fibres. 
The program involved three sets of concrete mixes, which are enough to 
determine different post-crack load capacHy characteristics. The tests were done on 
the beam and panel specimens of the thicknesses varying from 45mm to 95mm. All 
specimens are classified with the thicknesses of 45mm, 55mm, 65mm, 75mm, 85mm 
and 95mm. There are 3 panel and 6 beam specimens for each thickness type, giving a 
total 36 beam specimens and 18 beam specimens in each concrete set. There were 
therefore a total 108 beam and 54 panel specimens. Compared to the panel specimens, 
the within-batch variability of the beam specimens is large and therefore twice as 
many beam specimens were produced for each thickness compared to panels. The test 
data of FRS beam and RD panels for the different thickness were provided by Mekary 
(University of Western Sydney). In the tests, the beams were cured in the same tank 
with the panels and not cut top and bottom. This is different from the author's tests 
where the beams and panels were cured separately and cut top and bottom. The 
different in the method of curing and cutting the specimens is to improve the 
relevance between the beam and panel results. 
As presented in Chapter 3, the panel specimens were produced by spraying 
concrete into circular moulds. The upper surfaces of the panel specimens were 
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screeded in order to obtain a smooth surface and a uniform thickness close to the 
required thickness. After testing, the thickness of a beam specimen is measured at 
three points adjacent to the crack and the thickness of a panel specimen is measured at 
10 points along the cracks. 
6.2.2. Experimental Results 
The focus of the experimental program is to determine the effect of thickness 
on behaviour of RD panels. Load-displacement curves for the 18 panel specimens and 
moment-crack rotation curves for 36 beam specimens in each concrete mix are 
examined in this investigation. The curves for each set of specimens were 
superimposed in the same graph to illustrate the level variability for the beams and 
panels. The combined results for all beam and panel specimens of all different 
thicknesses for each concrete mix are shown in the same graphs (see Appendix 6.1). 
The combined results for the specimens in each thickness are shown in Appendix 6.2. 
An example of results for specimen set 1 is shown in Figure 6.1 and 6.2. Note that the 
black curves show performance of thicker panels, the grey curves show the results for 
the thinner panels. 
The value of experimental data is to determine the mean, standard deviation, 
and coefficient of variation of the thickness and peak load capacities (see Appendix 
6.3). The data are used to obtain a fitted curve of the moment-crack rotation and load-
deflection relationships in order to use in the numerical analysis. Note that the 
ordinate x represents the crack rotation of the beam and central displacement of the 
panels, and the ordinate y is the moment or point load capacity. 
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Figure 6.1 -Moment-crack rotation curves for centrally loaded beams varying 
thicknesses from 45mm to 95mm and made with concrete set 1. 
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Figure 6.2- Post-crack load-deflection curves for 800 mm RD panels varying in 
thickness from 45mm to 95mrn and made with a concrete set 1. 
6.2.3. Fitted Curves 
40 
All mathematical expressions fitted to the experimental results for the beams 
and RD panels are given in the Appendix 6.2. The expressions describing moment-
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crack rotation relations for the beam specimens are used as input into the numerical 
analysis. Those describing the load-deflection relations of the panel specimen are used 
for comparison with results of the numerical analysis described in the next section. 
Only the parts of each curve after the peak values corresponding with cracking of the 
concrete matrix have been fitted. The expressions describing the relationships 
between the cracking load and moment capacities and specimen thickness also are 
presented in the Appendix 6.2 
Program Tablecurve 2-D was used to fit functions to each set of experimental 
data corresponding to each thickness. The fitted curves started from the point of the 
average maximum cracking moment capacity corresponding to a crack rotation of 
zero radians for the results of beam tests. The fitted curves started from the point of 
the average maximum cracking load capacity for the results of panel tests. An 
example is shown in Figures 6.3, 6.4, 6.5 and 6.6. 
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Figure 6.3- Moment-crack rotation relations of the 45mm thick beam specimen set 1. 
The expression of the best curve fit for the centrally loaded beams of 45mm 
thickness in the first set was: 
y = ( a+cx05 +ex+gx15)/(l +bx05 +dx+fx15 +hx2) 
where: 
a= 292.6926 
e = 209727.42 
b =-61.476326 
12724.148 
c =-2468.3852 
g =-23690.366 
d = 3236.954 
h = 42006.236 
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Figure 6.4- Load-displacement relation of the 45mm thick the panel specimen set 1. 
The expression of the best curve fit for RD panels of 45mm thickness in the 
first set was: 
y = a+bx+c!x+di+e!i+.fx3+glx3+hx4+ilx4+jx5 
where: 
a= 45341.594 
f =-11.253752 
b =-4777.2174 
g =-471455.23 
c =-178732.09 
h = 0.2115878 
d= 307.41131 
i = 205823.33 
e = 422764.11 
j =-0.0015790521 
Figure 6.5- Cracking moments as a function of thickness for centrally loaded beams 
made with a concrete set 1. 
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Figure 6.5- Cracking load as a function of thickness for 800 mm diameter RD panels 
made with a concrete set 1. 
The expressions of fitted curves to the cracking moments in the tests are: 
-Set1: m=0.06901t2'18 (6.1) 
-Set 2: m = 0.29418{8 (6.2) 
-Set 3: m = 0.32t1 ·793 (6.3) 
The expressions of the fitted curves to the cracking load in the RD panel tests 
are (tis the thickness): 
-Set 1: P = 9.01057tt.91 
-Set 2: 
-Set 3: 
p = 12.53808tl.75 
p = 9.20021{88 
6.3. NUMERICAL RESULTS 
(6.4) 
(6.5) 
(6.6) 
The numerical results are based on yield line analyses taking into account the 
crack position using MCS analysis. Note that the measured thicknesses of the beam 
and panel have to be input in order to scale the results [the scale = (panel 
thickness)2/(beam thickness)2] and determine the cracking load capacities using the 
cracking moment capacities from the expressions (6.1), (6.2) and (6.3) of fitted curves 
to the panel test data. The numerical analysis was described in previous Chapters. 
Figures 6.7, 6.8 and 6.9 present the comparison between the experimental and 
numerical cracking load-thickness relations. The results of mean cracking load, 
standard deviation (SD) and coefficient of variation (COY) in the numerical analysis 
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are summarised in the Table 6.1. The comparison between experimental and semi-
theoretical cracking load capacities is presented in Tables 6.2, 6.3 and 6.4. Note that 
the values of cracking loads are calculated from the expressions of the fitted curves. 
The results of load-deflection relations of the 45mm and 85mm thick panels have 
been shown in Figure 6.10 and 6.11 as an example. The remaining results are shown 
in the Appendix 6.4. 
Table 6.1 -Summary of the cracking load capacities for the panels obtained from 
MCS analysis. 
Set 1 Set 2 Set 3 
Thickness Mean SD cov Mean SD cov Mean SD cov 
Type Load Load Load 
(mm) (N) (N) (%) (N) (N) (%) (N) (N) (%) 
45 13633 633 4.6 14391 676 4.7 12601 575 4.6 
55 21278 991 4.7 20831 972 4.7 21013 1007 4.8 
65 30636 1383 4.5 28678 1270 4.4 27290 1243 4.6 
75 43165 1971 4.6 36221 1736 4.8 34617 1660 4.8 
85 53942 2444 4.5 47401 2243 4.7 48000 2202 4.6 
95 68461 3152 4.6 54729 2593 4.7 52373 2449 4.7 
Table 6.2- Comparison between experimental and numerical cracking load capacities 
of RD panels with each thickness type in concrete set 1. 
Thickness Measured Set 1 
Type Thickness MCS Test Test/MCS 
(mm) (mm) (N) (N) 
45 45.7 13015 13447 1.03 
55 56.8 21416 20267 0.95 
65 67.4 31329 28045 0.90 
75 77.8 42869 36894 0.86 
85 86.9 54350 45559 0.84 
95 96.5 68088 55803 0.82 
Table 6.3 -Comparison between experimental and numerical cracking load capacities 
of RD panels with each thickness type in concrete set 2. 
Thickness Measured Set2 
Type Thickness MCS Test Test/MCS 
(mm) (mm) (N) (N) 
45 48.1 14452 11092 0.77 
55 59.1 20919 15769 0.75 
65 70.1 28536 21189 0.74 
75 79.9 36249 26615 0.73 
85 92.2 47369 34363 0.73 
95 99.7 54797 39503 0.72 
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Table 6.4- Comparison between experimental and numerical cracking load capacities 
of RD panels with each thickness type in concrete set 3. 
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Figure 6.7- Peak load capacity as a function of the panel thickness for FRS RD 
panels of concrete set 1. 
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Figure 6.8 -Peak load capacity as a function of the panel thickness for FRS RD 
panels of concrete set 2. 
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Figure 6.9- Peak load capacity as a function of the panel thickness for FRS RD 
panels of concrete set 3. 
The expressions of for the fitted curves of cracking load using yield line 
analysis are (tis the thickness): 
-Set 1: P = 3.01682t2·194 
-Set 2: P = 11.40478tl.84 
-Set 3: p = 13.72141{81 
30000 
25000 
~ MCS 
20000 --Experiment 
--
r--. 
6 
"0 15000 
"' 0 
>--1 
10000 
5000 -~7li' . 
-"·rp '" •'•'>.::>~\~~ =".«.«~))!!,.; "j 
, __ 
0 
0 5 10 15 20 25 30 35 40 
Deflection (mm) 
Figure 6.10- Comparison between non-linear post-cracking load-deflection curve for 
45mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 1. 
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85mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 1. 
6.4. DISCUSSION 
6.4.1. Experimental Results 
The experimental results showed that the variation in the thickness affects the 
measured peak load and moment capacities, and load-displacement and moment-crack 
rotation relations in the RD panel and beam specimen. The different thickness of the 
beam and panel specimens in each concrete set clearly presented the different levels 
of load-displacement relations in the immediate post-crack range (see Appendix 6.1). 
The thicker specimens have greater residual load capacities in both the beam and 
panel specimens. The residual load and moment capacities increase quickly between 0 
mm and 10 mm central deflection and between 0 radian and 0.05 radians crack 
rotation as the thickness increases. In the figures of Appendix 6.1, it can be seen that 
the effect of thickness at high levels of displacement becomes less significant than at 
the low levels of displacement. The data in the figures presented in Appendix 6.1 
show that thicker panel specimens always demonstrate better post-cracking 
performance of FRC than thinner specimens. In all concrete sets, the third set shows 
the highest post-crack performance of the panels. It is evident that these panels show a 
small drop in residual load capacity immediately after cracking and very high residual 
load capacity up to 10 mm (see Figures A6.5 and A6.6). 
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The effect of thickness on behaviour of the specimens can also assessed on the 
basis of the COY's in thickness and load capacities. For the thinner beam and panel 
specimens, the COY's in thickness and peak load capacities are likely larger than 
those for the thicker specimens (see Appendix 6.3). In all concrete sets, the COY's in 
thickness of the beam specimens, which are small, vary from 0.9% to 5.0% while 
those in peak moment capacities are from 4.4% to 25.3%. In the panel specimens, the 
COY's in thickness change from 0.1% to 3.7% while those in peak load capacities 
change from 1.0% to 23.4%. The mean COY's in thickness and peak load capacities 
of the beam and panel specimens presented in the Table 6.5 show that the cracking 
load is very sensitive with the thickness. 
Table 6.5- The average COY's in thickness and cracking load. 
COY(%) 
Thickness Peak Load 
·-
Beam Panel Beam Panel 
Set 1 2.0 1.5 10.8 4.7 
Set 2 2.0 1.7 13.1 3.9 
Set 3 2.5 1.8 9.3 8.6 
6.4.2. Numerical Results 
Numerical analyses have been undertaken in order to estimate the cracking 
load capacities and non-linear post-cracking load-deflection response of RD panels 
with different thicknesses in each concrete set. The results for different thicknesses in 
the panels also confirm the solution in the preceding Chapters. The values of peak 
loads in each thickness are close to the test results (see Tables 6.2, 6.3 and 6.4) as well 
as the load-deflection relations in each thickness (see Appendix 6.4 ). The theoretical 
COY's in cracking load due to crack position in each set is about 4.6%. 
In the present investigation, the beam-based numerical estimates of the load to 
cause first crack in the panels of concrete set 1, 2 and 3 were 10 percent, 26 percent, 
and 8 percent greater on average than the experimental results for the panels. The 
average numerical estimate of cracking load for all sets is 14 percent greater than the 
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experimental cracking load. The differences between the numerical and experimental 
cracking load capacities are from 10 to 25 percent (see Table A6.3). 
The reasons for the difference between the numerical and test results are 
discussed in the last Chapter. The total of six beam specimens and three panel 
specimens were produced in each thickness to generate enough reliable information of 
moment-crack rotation and load-deflection relation for the yield line analysis. Ten 
thousand data points describing load-deflection relations for the panel in each 
thickness, which are randomly distributed through the whole level of deformation, are 
believed to be enough to represent the numerical results. 
6.5. THE EFFECT OF TOUGHNESS ON BEHAVIOUR OF ROUND 
DETERMINATE SUPPORTED PANELS 
6.5.1. Experiment Data 
In the last six chapters, the author has done an investigation of the post-crack 
relationship between the flexural capacity of centrally load beams and the point load 
capacity of RD panels. In this investigation, the yield line method has been used to 
derive the post-crack load-displacement relationships of the beams and panels. The 
investigation involved a series data of beam and panel specimens of different 
thicknesses that were produced using FRC doses from low to high volumes of steel 
and synthetic fibres in order to investigate the effect of toughness on load capacities 
of the beams and panels. 
Chapter 4 started with a clear description of the theoretical background of the 
yield line method which is based on the results of beam tests. The method should be 
therefore understood as "semi-theory". It can be seen that the cracking load capacity 
of the RD panels can be accurately estimated based on the cracking moment obtained 
from the centrally loaded beam tests. However, in the last investigation, the results of 
cracking load capacities of RD panels were always over-estimated from 10 to 25 
percent compared to experimental results. This is because the cracking load capacity 
of RD panels does not simply depend on the cracking moment capacity of the 
centrally loaded beams but also the influence of immediate post-crack behaviour of 
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the material. The discrepancy between semi-theory and tests is because of the yield 
line method assuming all cracks occurring at the same time and each crack having a 
constant rotation angle along its entire length. The uncracked regions between each of 
the yield lines are assumed to have no deformation. In the real behaviour of the 
panels, the uncracked regions have quasi-elastic deformations which cause in non-
uniform crack rotation angles along each yield line. The difference between semi-
theory and real behaviour of the panel can be clearly seen immediately after cracking 
because the cracks originate from near the point load and become wider at that point 
than their end point before the cracks reach to the edge of the panel. 
In this investigation, a series of experimental data have been used. The data 
were obtained from the centrally loaded beam tests and RD panel tests which were 
done by the author, Bernard at al (2000), Mekary, Emel and Sapula (University of 
Western Sydney). The concrete mix designs and ingredients of fibre types of the 
author's and Bernard's data were the same and described in Chapter 3. Those of 
Mekary' s data were described in Chapter 6 and those of Emel including two sets of 
concrete mixes are presented in Table 6.6 and 6.7. 
Table 6.6- Nominal mix designs for concrete in specimen sets A and B. 
Component SetA SetB 
Quantity (kg/m3) Quantity (kg/m3) 
Coarse aggregate (7/10 mm) 363 930 
Aggregate (5 mm) 187 
Coarse sand 560 390 
Fine sand (2 mm) 560 320 
Cement (ASTM Type I) 390 270 
Fly ash 100 100 
Water reducer 300 mL/100 kg cern. 7 40 mL/1 00 kg cern. 
AEA 65 
Slum12 80 100 
Table 6.7- Fiber dosage rates used for specimen sets A and B. 
Fiber Set A Set B 
30 mm polypropylene 
48 mm polypropylene 
50 mm polypropylene 
18mm enlarged end slit sheet steel 
30 mm hooked-end steel wire 
30 mm Cr-Fe whisker 
Quantity (kg/m3) Quantity (kg/m3) 
6.75 
6.7 
8.25 
18.2 
0.9 
7.3 
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In order to distinguish the experimental data used in this part, let assume that 
Vl, V2, V3 and V4 are stand for author's data; AMl, AM2, AM3, AM4 are stand for 
data of Bernard et al (2000); TVI, TV2, and TV3 are stand for Mekary's data; ETA 
and ETB are stand for Emel's data; and B is stand for Sapula's data. Note that the 
Emel's and Sapula's data included the specimens of different thicknesses as Mekary's 
data. 
6.5.2. Influence of Toughness 
In Figure 6.12, 6.13 and 6.14; the relation between ratio of cracking load 
capacity obtained from the RD panel tests compared to semi-theoretical cracking load 
capacity based on the beam tests and the ratio of load capacity of the same panel at 
0.2mm, 0.5mm, and l.Omm post-crack deflection over the test cracking load. In these 
figures, it can be seen that the tougher concrete is represented by specimens with a 
higher ratio of load capacity at 0.2mm, 0.5mm and l.Omm post-crack deflection over 
the cracldng load Po.2mm1Pcracb Po.smm1Pcrack and Pt.Omm/Pcrack and more brittle concrete 
is represented by specimens with a lower ratio of Po.2mm1Pcracb Po.smm/Pcrack and 
Pt.omm/Pcrack· The results are all dispersed, however, there is a trend line showing that 
the tougher concrete supports a load at first crack that agrees with the semi-theoretical 
results and that the brittle concrete supports load at a lower load at first crack. The fall 
in load capacity of brittle concrete is about 25 percent. 
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6.6. SUMMARY 
1.0 
An experimental investigation of the influence of thickness on FRS RD panels 
has been canied out to allow extrapolation of the research to a broader range of 
engineering application in tunnel linings. The thickness of specimens was found to 
affect the cracking load and moment capacity, and moment-crack rotation and load-
displacement relations of the beams and panels. Cracking moment and load capacities 
increased with specimen thickness. The investigation of the effect of variation in 
panel thickness showed that behaviour was very sensitive to small variation (see 
Figures 6.7 to 6.9). For example, an increasing of thickness from 50 mm to 60 mm 
resulted in about 50 percent variation in cracking load capacities. Thus, production of 
specimens to the required thickness must be undertaken with great care. 
The results of curve fitting showed that the cracking load and moment 
capacities of the panel and beam specimens are approximately proportional to the 
square of specimen thickness as expected. The expressions of the fitted curves 
describing load-displacement relations for different thickness in beams and panels are 
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normally complicated relations between logarithm functions or polynomial functions 
of crack rotation of the beams and central deflection of the panels. 
The curing of the as-sprayed beam and panel specimens in the same tank can 
improve the uniformity in curing between the specimens. The experimental data of 
beam and panel specimens for each thickness (6 beams and 3 panels) was adequate 
for the experimental and numerical analyses. 
It is clear that the section 6.6 is an explanation of the semi-theoretical results 
over-estimating cracking load of the RD panels. The toughness of concrete has a 
significant influence on post-crack behaviour of FRC and FRS. 
Yield line theory for slabs was found to be a good method of predicting the 
post-crack load-displacement relations of the panel in different magnitudes of 
thickness. The numerical results for the cracking load capacities and load-
displacement relations based on yield line analysis combined with MCS analysis to 
model the crack position were matched with the experimental results. 
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Figure A6.1 -Moment-crack rotation curves for centrally loaded beams varying 
thicknesses from 45mm to 95mm and made with a concrete set 1. 
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Figure A6.2- Post-crack load-deflection curves for 800 mm RD panels varying in 
thickness from 45mm to 95mm and made with a concrete set 1. 
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Figure A6.3 -Moment-crack rotation curves for centrally loaded beams varying 
thicknesses from 45mm to 95mm and made with a concrete set 2. 
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Figure A6.4- Post-crack load-deflection curves for 800 mm RD panels varying in 
thickness from 45mm to 95mm and made with a concrete set 2. 
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Figure A6.5 -Moment-crack rotation curves for centrally loaded beams varying 
thicknesses from 45mm to 95mm and made with a concrete set 3. 
60000.----------------------------------------------. 
50000 
40000 
20000 
0 5 10 15 20 
Displacement (mm) 
25 30 
--95mm 
--85mm 
--75mm 
35 
65mm 
55mm 
45mm 
40 
Figure A6.6- Post-crack load-deflection curves for 800 mm RD panels varying in 
thickness from 45mm to 95mm and made with a concrete set 3. 
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APPENDIX 6.2 
RESULTS OF CURVE FITTING 
The fitted curves for the beams and RD panels are given in this Appendix. 
Curve-fitting was done for different thickness of each concrete set using Tablecurve-
2D. For all curves, y corresponds to the moment or load capacity and x the rotation or 
central displacement. 
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SET 1 
45mm Thick Beam 
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The expression of the best curve fit for centrally loaded beams of 45mm 
thickness in the first set was: 
y = (a+cx05+ex+gx1·5)/(l+bx0·5+dx+fx1·5+hx2) 
where: 
a= 292.6926 
e = 209727.42 
55mm Thick Beam 
600 
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s 
6 
400 
..... 
b =-61.476326 
J=-12724.148 
!::: 300 ~ 
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c =-2468.3852 
g =-23690.366 
0.05 0.1 
d = 3236.954 
h = 42006.236 
0.15 
Crack Rotation (Radian) 
0.2 
The expression of the best curve fit for centrally loaded beams of 55mm 
thickness in the first set was: 
y = (a+cx+ex2+gx' +ii)l(l +bx+di+JX1 +hx4) 
where: 
a= 403.83835 
e = 667764.61 
b = 806.88082 
!= 192054.81 
c = 62241.924 
g = 14631.97 
d =-7857.8154 
h =-390069.55 i =-2498454.1 
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The expresswn of the best curve fit for centrally loaded beams of 65mm 
thickness in the first set was: 
y = ( a+cx0·5 +ex+gx1·5 +ix+k:x/5)1( I +bx05 +dx+fx1·5 +hx2+jx25) 
where: 
a "" 642.36799 
e"" 302277.6 
i"" 1227955.4 
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The expression of the best curve fit for centrally loaded beams of 75mm 
thickness in the first set was: 
y = ( a+cx+ei+gx3 +ix4)1( I +bx+di+Jx3 +hx4 +jx5) 
where: 
a= 1002.9076 
f = 853051.17 
b = 1114.5109 
g =-9852919.7 
c"" 119592.76 
h =-2828304.1 
d =-20982.185 
i = 33155203 
e = 6682982.3 
j = 4051085.1 
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The expression of the best curve fit for centrally loaded beams of 85mm 
thickness in the first set was: 
y = (a+cx+ex2+gx1)/(l +bx+dx2+,fx1 +hx4) 
where: 
a= 1225.8073 b:;: 1339.1766 c:;: 499469.44 d =-6259.985 
e=13559127 /=-957952.74 g:;: 106308.12 h =-868876.82 
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The expression of the best curve fit for centrally loaded beams of 95mm 
thickness in the first set was: 
y = (a+cx+ex2+gx1 +ix4)1(1 +bx+dx2+fx1 +hx4 +jx5) 
where: 
a= 1002.9076 
f = 853051.17 
b= 1114.5109 
g =-9852919.7 
c = 119592.76 
h =-2828304.1 
d =-20982.185 
i = 33155203 
e = 6682982.3 
j = 4051085.1 
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16000 
14000 -
12000 
z 10000-
'--' 
~ 8000 
0 
.....1 6000 
4000 
2000 
0 -
0 5 10 15 20 25 30 35 40 
Displacement (mm) 
The expression of the best curve fit for RD panels of 45mm thickness in the 
first set was: 
b /. d 2 !2f3 /.3h4 ·;4 .s y = a+ X+C X+ X +eX + X +g X + X +l X +]X 
where: 
a= 45341.594 
/=-11.253752 
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The expression of the best curve fit for RD panels of 55mm thickness in the 
first set was: 
y = a+blnx+c!lnx+d(lnx/ +e!(lnx/ +f(lnx/ + g/(lnx/ +h(lnx/ +il(lnx/ +j(lnxi 
where: 
a= 78706.77 
/=-24770.821 
b =-86191.224 
g =-1022.2318 
c =-33568.209 
h = 4828.5382 
d = 62367.763 
i = 37.300572 
e=9217.9331 
j=-365.10304 
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The expression of the best curve fit for RD panels of 65mm thickness in the 
first set was: 
y =a+blnx+cllnx+d(lnx/ +e!(lnx/ +f(lnx/ + gl(lnx/ +h(lnx/ +il(lnxf +j(lnxi +kl(lnxi 
where: 
a= 161887.69 
/=-56696.47 
k = 4.8314957 
75mm Thick Panel 
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The expression of the best curve fit for RD panels of 75mm thickness in the 
first set was: 
2 3 4 .FI 5 6 7 y = a+blx+c!x +dlx +e!x +px +glx +hlx 
where: 
a =-1964.0279 
!= 12892798 
b = 238248.4 
g =-10158840 
c=-1281037 
h = 3355971.8 
d = 4195726.3 e =-9173797 
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The expression of the best curve fit for RD panels of 85mm thickness in the 
first set was: 
y = a+bllnx+c!(lnx/+dl(lnxl +e!(lnxf +f!(lnxf +gl(lnxi 
where: 
a =-57221.945 
!= 24537.607 
95mm Thick Panel 
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The expression of the best curve fit for RD panels of 95mm thickness in the 
first set was: 
y = a+blnx+c!lnx+d(lnx/ +e!(lnxi +f(lnxl + gl(lnx/ +h(lnxf 
where: 
a =-452926.55 
!= 45718.163 
b =459874.18 
g = 2753.6304 
c = 236608.27 
h =-3673.6813 
d =-214311.41 e =-44478.003 
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The expressiOn of the best curve fit for centrally loaded beams of 45mm 
thickness in the second set was: 
y = (a+cx+ex2)1(l+bx+dx2+fx3) 
where: 
a = 406.62524 b = 1814.6795 c = 21525.276 d = 6729.3058 
e = 5100517.7 != 467569.82 
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The expressiOn of the best curve fit for centrally loaded beams of 55mm 
thickness in the second set was: 
y = (a+cx05 +ex+gx1·5 +ix2)1( 1 +bx05 +dx+fx1·5 +hi+jx25) 
where: 
a = 530.65677 
!= 7365.7654 
b =-12.314605 
g =-331705.15 
c =-16175.535 
h =-33087.46 
d = 35.124923 
i = 23 I 930.84 
e = 182818.92 
j = 47648.991 
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The expressiOn of the best curve fit for centrally loaded beams of 65mm 
thickness in the second set was: 
y = ( a+cx0·5 +ex+ gx1·5 +ix2 )/( 1 +bx0·5 +dx+f:x/ 5 +hx2) 
where: 
a=577.1513 
f=-3583.5537 
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The expression of the best curve fit for centrally loaded beams of 75mm 
thickness in the second set was: 
y = (a+cx+ex2+gx3+ix4)1(l+bx+di+{x3+hx4) 
where: 
a= 69442783 
f= 425487.57 
b = 539.37078 
g = 257673.14 
c =-1 04366.93 
h = 1226770.3 
d = 17700.376 
i= 11631104 
e = 13437925 
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The expressiOn of the best curve fit for centrally loaded beams of 85mm 
thickness in the second set was: 
y = (a+cx+ex2+gX1)1(l+bx+dx2+.fX1) 
where: 
a= 1296.1096 
f=916116.96 
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The expression of the best curve fit for centrally loaded beams of 95mm 
thickness in the second set was: 
y = (a+cx+ei)l(l+bx+dx2+fx3) 
where: 
a= 1242.5276 
f= 521333.6 
b= 1367.7329 c = 139040.35 d =-29402.99 e = 4165067.1 
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The expression of the best curve fit for RD panels of 45mm thickness in the 
second set was: 
y = a+hlnx+c(lnx/+d(lnxi +e(lnx/ +f(lnxi +g(lnxl +h(lnx/ +i(lnx/+j(lnxl 
where: 
a = 5978.8654 
!= 11980.313 
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The expression of the best curve fit for RD panels of 55mm thickness in the 
second set was: 
y = ( a+clnx+e(lnx/+g(lnx/)1( 1 +hlnx+d(lnx/+f(lnx/) 
where: 
a= 8020.7927 b = 0.32798337 c =-5938.3258 d =-0.4 7093696 e = 2700.2917 
f = 0.11462996 g =-381.71297 
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The expression of the best curve fit for RD panels of 65mm thickness in the 
second set was: 
y = a+blnx+c(lnx/+d(lnx/ +e(lnxf +f(lnx/ +g(lnx/ +h(lnxl +i(lnx/ 
where: 
a= 17212.461 
f =-25336.75 
b =-46222.719 
g = 5737.3517 
c=87519.81 d =-96123.65 
i = 33.654438 
e = 64092.195 
h =-686.45729 
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The expression of the best curve fit for RD panels of 75mm thickness in the 
second set was: 
y = a+blx+clx2+dlx1 +e!x4 +.flx5 +glx6 +hlx7 +ilx8+j!x9 +jlx10 
where: 
a =-1669.1812 b = 194447.13 c = 1418562.7 d =-41522871 e = 3.1856848x108 
f=-1.2675946 x109 g = 2.9837854 x109 h =-4.30l0542 x109 i =3.7259181 x109 j =-1.7792614 xl09 
k = 3.5957653 X !08 
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The expression of the best curve fit for RD panels of 85mm thickness in the 
second set was: 
y = a+blnx+c!lnx+d(lnx/+el(lnxl+J(lnx/ +gl(lnx/ +h(lnx/ +i(lnx/ 
where: 
a =-527734.27 
f= 18727.466 
b = 366367.92 
g = 32130.765 
c=411307.35 
h =-1062.1589 
d=-122240.2 
i =-2399.5884 
e =-163382.8 
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The expression of the best curve fit for RD panels of 95mm thickness in the 
second set was: 
y = a+blx+c!x2+dlx"1+e!x4+ flx5+g!x6+hlx7 +ilx8 
where: 
a=-4012.9794 b=411012.84 c=-1746909.7 d=-6678897 e=80349602 
f=-2.8849354 x108 g = 5.0693197 xl08 h =-4.3780496 xl08 i =1.4771982 xl08 
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The expression of the best curve fit for centrally loaded beams of 45mm 
thickness in the third set was: 
y = (a+cx+ex2+ gx3)/(l+bx+dx2+fx3) 
where: 
a= 341.66396 b = 2101.5751 c = 242426.81 d =-9959.0804 
e=-1524116.4 f= 67742.289 g = 4940043.2 
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The expression of the best curve fit for centrally loaded beams of 55mm 
thickness in the third set was: 
( 2 3 • 4) I(J b d 2 t 3 h 4 • 5) y = a+cx+ex + gx + lX 11 + x+ x + x + x +]X 
where: 
a= 623.68239 
f= 687970.37 
b = 1751.7137 
g =~ 7653029.2 
c = 325783.49 
h =~4678380.3 
d =~241 01.121 
i = 13484805 
e = 914280.22 
j = 10931815 
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The expression of the best curve fit for centrally loaded beams of 65mm 
thickness in the third set was: 
y = (a+cx+ex2+ gx3+ ix4)1(l+bx+dx2+jx3+hx4+jX1) 
where: 
a = 626.35298 
f = 543498.54 
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The expression of the best curve fit for centrally loaded beams of 75mm 
thickness in the third set was: 
( 2 3 · 4), l(j b d 2 t 3 h 4 • 5) y = a+cx+ex + gx + zx 1'1 + x+ x + x + x +.JX 
where: 
a= 847.05186 
f= 401427.46 
b = 968.89608 
g =-4823803.7 
c = 291244.09 
h =-2540071 .2 
d =-15766.359 
i = 10456085 
e = 558385.75 
j = 5533228.4 
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The expression of the best curve fit for centrally loaded beams of 85mm 
thickness in the third set was: 
y = (a+cx05+ex+ gx1'5+ ix2)/(l+bx05+dx+fx1·5+hi) 
where: 
a= 744.58933 
/=~16874.51 
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The expressiOn of the best curve fit for centrally loaded beams of 95mm 
thickness in the third set was: 
y = (a+cx05+ex+ gx15+ ix2)/(l+hx05+dx+fx15+hx2) 
where: 
a= 1275.2674 
f = 3655.5935 
b =~19.429832 
g =~449008. 19 
c =~ 17752.46 
h = 10429.385 
d=549.16336 
i=512931.67 
e = 236295.54 
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The expression of the best curve fit for RD panels of 45mm thickness in the 
third set was: 
y = a+blx+c!i +dlx1 +e!x4 +j/x5 + g/x6 +hlx7 +ilx8 +jlx9 +klx10 
where: 
b = 232270.94 c =-2690543.1 d =18189961 e =-76763227 a =-1 65 1.1119 
f=2.098701xl08 
k =-26057487 
g=-3.7785843x108 h=4.4548049x108 i=-3.3117646x108 j=l.4078748x108 
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The expression of the best curve fit for RD panels of 55mm thickness in the 
third set was: 
y = a+bx+clx+di+e!x2+fx3+g!x3+hi+ilx4+jx5 
where: 
a =-20623.973 
!= 8.360803 
b = 3583.9997 c = 185340.8 d =-249.00529 
g = 603958.7 h =-0.13689466 i =-258320.24 
e=-491947.13 
j = 0.00087772366 
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The expression of the best curve fit for RD panels of 65mm thickness in the 
third set was: 
y=a+blnx+cllnx+d(lnxl +e!(lnx/+f(lnx/ +gl(lnx/ +h(lnx/ +il(lnx/ +j(lnx/ + kl(lnx/ 
where: 
a= 215213.38 
f =-45346.265 
k =-24.65972 
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The expression of the best curve fit for RD panels of 75mm thickness in the 
third set was: 
y=a+blnx+c(lnxl +d(lnx/ +e(lnxf +j(lnxl + g(lnx/ +h( lnxl +i(lnxl +j(lnxf 
where: 
a= 210316.04 
f=-1624808.8 
b=-1110603.8 c=2845071 
g = 522149.41 h =-103041.79 
d=-3907491.3 e=3189721.6 
i = 11418.619 j =-544.71422 
169 
85mm Thick Panel 
450CD.---------------------------------------~ 
40000 -
350CD ;' 
30000 -
~ 250CD-
~ 
0 20000 
....:1 
15000 -
10000 -
500~1-----~--~----~~::===:==::~~~~~d 
0 5 10 15 20 25 30 35 40 
Displacement ( mm) 
The expression of the best curve fit for RD panels of 85mm thickness in the 
third set was: 
b I d 2 1.2f;3 !3h4 ·;4 .5k/.5 y =a+ X+C X+ X +eX +X +g X + X +l X +]X + X 
where: 
a= 76665.089 
f =-11.627637 
k = 227937.68 
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The expression of the best curve fit for RD panels of 95mm thickness in the 
third set was: 
y=a+blnx+c!lnx+d(lnx/ +e!(lnxl+J(lnx/ + gl(lnx/ +h(lnxf +il(lnxf +j(lnxi +kl(lnx/ 
where: 
a =-9392721.5 
!= 338154.64 
k = 47535.337 
b=5382137.4 c= 10170809 
g = 2626301.2 h =-29521.861 
d =-1820993 
i =-551077.51 
e =-6722426.5 
j = 737.46651 
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Figure A6.7- Fitted curve of cracking moments for set 1 (m = 0.06901t218). 
1400 
1200 ~e"D"' 
,---, 1000 Fitted Curve ~ 
'-../ 800 
..... 
~ 
<I) 600 s D ~ 400 
200 D 
0 
35 45 55 65 75 85 95 105 
Thickness (mm) 
Figure A6.8- Fitted curve of cracking moments for set 2 (m = 0.29418{8). 
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Figure A6.9- Fitted curve of cracking moments for set 3 (m = 0.32tu93). 
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Figure A6.10- Fitted curve of cracking load for set 1 (P == 9.01057t2) 
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Figure A6.11 -Fitted curve of cracldng load for set 2 (P == 12.53808t2) 
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Figure A6.12- Fitted curve of cracking load for set 3(P = 9.20021P) 
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APPENDIX 6.3 
EXPERIMENTAL CRACKING MOMENT AND LOAD CAPACITIES 
Table A6.1 -Peak moment in the beam tests of set 1. 
Beam Width Thickness Mean S.D. COY Peak Mean S.D. COY 
Set 1 Thickness Moment Moment 
(mm) (mm) (mm) (mm) (%) (Nm) (Nm) (Nm) (%) 
45-1 124.9 49.6 403 
45-2 121.8 46.0 359 
45-3 123.4 45.4 47.7 1.6 3.3 215 311 66 21.1 
45-4 123.4 47.4 248 
45-5 123.0 48.9 293 
45-6 126.1 48.9 348 
55-1 123.9 55.2 361 
55-2 124.5 54.5 415 
55-3 125.2 56.3 55.5 0.7 1.4 445 430 39 9.1 
55-4 125.9 55.7 492 
55-5 125.2 56.4 427 
55-6 126.2 54.6 439 
65-1 122.8 65.8 640 
65-2 122.4 67.6 713 
65-3 126.6 69.1 67.4 1.9 2.9 794 685 61 8.8 
65-4 125.9 67.7 624 
65-5 124.0 69.8 712 
65-6 124.8 64.1 631 
75-1 122.7 78.3 863 
75-2 122.7 78.0 935 
75-3 123.4 77.0 77.6 0.7 0.9 805 868 59 6.8 
75-4 123.4 76.3 953 
75-5 122.7 78.1 851 
75-6 122.3 77.7 800 
85-1 124.4 82.8 1055 
85-2 124.8 88.7 1113 
85-3 124.3 85.8 85.7 1.8 2.2 1422 1225 145 11.8 
85-4 126.4 87.1 1314 
85-5 122.8 84.7 1362 
85-6 125.1 85.3 1088 
95-1 123.4 92.8 1331 
95-2 123.6 95.5 1254 
95-3 124.4 94.9 95.4 1.5 1.6 1422 19 98 7.0 
95-4 126.7 98.0 1485 
95-5 123.9 95.8 1521 
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Table A6.2 -Peak moment in the beam tests of set 2. 
Beam Width Thickness Mean S.D. COY Peak Mean S.D. COY 
Set 2 Thickness Moment Moment 
Set 2 (mm) (mm) (mm) (mm) (%) (Nm) (Nm) (Nm) (%) 
45-1 125.6 52.2 398 
45-2 121.9 49.7 341 
45-3 124.9 47.8 50.0 1.7 3.3 321 345 30 8.8 
45-4 123.8 52.2 372 
45-5 123.4 49.2 311 
45-6 126.6 48.8 328 
55-1 124.5 59.5 446 
55-3 127.2 61.3 448 
55-4 126.8 60.9 59.8 1 .1 1.9 221 409 103 25.3 
55-5 123.9 58.1 397 
55-6 124.2 59.4 531 
65-1 124.3 69.3 606 
65-2 123.0 71.4 708 
65-3 124.0 67.7 69.6 1.5 2.2 597 627 44 7.0 
65-4 124.6 69.5 662 
65-5 125.3 71.5 581 
65-6 122.8 67.9 611 
75-1 126.9 79.7 692 
75-2 124.2 80.7 939 
75-3 125.6 81.3 79.7 1.3 1.6 931 824 91 11.1 
75-4 123.9 80.2 754 
75-5 124.0 78.7 852 
75-6 125.7 77.4 778 
85-1 122.7 90.1 541 
85-2 124.1 86.4 1017 
85-3 125.4 89.9 88.4 1.9 2.2 1123 930 200 21.5 
85-4 122.4 89.8 1131 
85-5 123.9 85.2 892 
85-6 124.6 89.0 876 
95-1 123.1 102.0 1252 
95-3 122.7 101.9 1101 
95-4 123.6 100.4 100.8 1.0 1.0 1153 1191 56 4.7 
95-5 123.7 100.4 1236 
95-6 124.2 99.4 1216 
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Table A6.3- Peak moment in the beam tests of set 3. 
Beam Width Thickness Mean S.D. COY Peak Mean S.D. COY 
Set 3 Thickness Moment Moment 
(mm) (mm) (mm) (mm) (%) (Nm) (Nm) (Nm) (%) 
45-1 125.5 48.6 311 
45-2 125.3 49.0 338 
45-3 122.3 44.3 46.3 2.3 5.0 206 274 42 15.5 
45-4 123.2 48.1 275 
45-5 123.7 43.8 249 
45-6 123.5 43.9 263 
55-1 124.5 61.1 555 
55-2 124.1 62.9 545 
55-3 124.1 61.3 61.1 1.6 2.6 513 513 35 6.9 
55-4 127.0 57.8 450 
55-5 121.4 61.7 529 
55-6 125.3 61.9 489 
65-1 123.1 70.0 642 
65-2 127.1 65.9 641 
65-3 121.8 68.3 67.5 1.8 2.7 604 622 36 5.9 
65-4 123.4 69.5 660 
65-5 125.2 65.9 635 
65-6 130.7 65.5 549 
75-1 122.1 79.0 802 
75-2 124.9 82.1 871 
75-3 123.2 75.9 79.1 2.1 2.6 730 764 106 13.9 
75-4 124.3 80.8 807 
75-5 124.8 77.1 546 
75-6 122.9 79.4 829 
85-1 125.0 85.8 1035 
85-2 123.3 85.6 1005 
85-3 124.0 87.7 85.6 1 .1 1.3 1057 1019 44 4.4 
85-4 123.9 84.7 991 
85-5 122.6 84.2 945 
85-6 127.9 85.5 1080 
95-1 124.9 99.3 1168 
95-2 123.1 96.2 1079 
95-3 125.0 96.4 97.3 1.0 1.1 1163 1123 102 9.1 
95-4 125.0 97.7 1291 
95-5 121.9 97.0 1077 
95-6 124.1 97.4 960 
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Table A6.4 - Cracking load in the panel tests of set 1. 
Panel Thickness Mean S.D. COY Peak Mean S.D. COY 
Set 1 Thickness Load Load 
(mm) (mm) (mm) (%) (N) (N) (N) (%) 
45-1 46 11820 
45-2 45 46 0.5 1.1 14711 13546 1245 9.2 
45-3 46.1 14108 
55-1 59.4 21602 
55-2 55 57 1.9 3.3 19156 19897 1209 6.1 
55-3 56.1 18932 
65-1 68.5 27140 
65-2 68.1 67 1.2 1.8 28492 27950 583 2.1 
65-3 65.7 28217 
75-1 77.6 36865 
75-2 78.4 78 0.4 0.5 38251 36853 1146 3.1 
75-3 77.5 35443 
85-1 86.8 45168 
85-2 86.9 87 0.0 0.1 47597 46681 1078 2.3 
85-3 86.9 47278 
95-1 99 57786 
95-2 96.6 97 2.1 2.2 56425 55104 2884 5.2 
95-3 93.9 51102 
Table A6.5 -Cracking load in the panel tests of set 2. 
Panel Thickness Mean S.D. COY Peak Mean S.D. COY 
Set 2 Thickness Load Load 
(mm) (mm) (mm) (%) (N) (N) (N) (%) 
45-1 50.2 11189 
45-2 46.4 48 1.6 3.3 9423 10477 760 7.3 
45-3 47.7 10818 
55-1 57.7 14740 
55-2 59.7 59 1.0 1.7 15822 16004 1114 7.0 
55-3 60 17450 
65-1 69 20198 
65-2 69 70 1.6 2.3 20146 20577 573 2.8 
65-3 72.4 21387 
75-1 79.8 28053 
75-2 79.2 80 0.6 0.7 27321 27697 299 1.1 
75-3 80.6 27717 
85-1 92.5 33859 
85-2 90.8 92 1.1 1.2 34100 35068 1542 4.4 
85-3 93.4 37244 
95-1 99.7 38051 
95-2 98.3 100 1.1 1.1 38741 38583 387 1.0 
95-3 101.1 38958 
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Table A6.6- Cracking load in the panel tests of set 3. 
Panel Thickness Mean S.D. cov Peak Mean S.D. cov 
Set 3 Thickness Load Load 
(mm) (mm) (mm) (%) (N) (N) (N) (%) 
45-1 47.6 13773 
45-2 44.6 46.2 1.2 2.7 12265 12854 658 5.1 
45-3 46.4 12524 
55-1 55.9 19466 
55-2 60.5 57.5 2.1 3.7 22170 20169 1435 7.1 
55-3 56 18872 
65-1 65.4 24772 
65-2 65.4 65.8 0.6 0.9 25297 25320 457 1.8 
65-3 66.7 25891 
75-1 77.3 16408 
75-2 80.1 78.3 1.3 1.6 38854 29672 9608 32.4 
75-3 77.5 33755 
85-1 87.5 39780 
85-2 86.6 86.4 1.0 1.1 42782 41276 1226 3.0 
85-3 85.1 41266 
95-1 97.6 53479 
95-2 96.6 97.7 0.9 1.0 50758 51880 1161 2.2 
95-3 98.9 51404 
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APPENDIX 6.4 
LOAD-DEFLECTION RESPONSES FROM NUMERICAL ANALYSIS 
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Figure A6.13- Comparison between non-linear post-cracking load-deflection curve 
for 45mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 1. 
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Figure A6.14- Comparison between non-linear post-cracking load-deflection curve 
for 55mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 1. 
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Figure A6.15- Comparison between non-linear post-cracking load-deflection curve 
for 65mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 1. 
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Figure A6.16- Comparison between non-linear post-cracking load-deflection curve 
for 75mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 1. 
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Figure A6.17- Comparison between non-linear post-cracking load-deflection curve 
for 85mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 1. 
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Figure A6.18- Comparison between non-linear post-cracking load-deflection curve 
for 95mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 1. 
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Figure A6.19- Comparison between non-linear post-cracking load-deflection curve 
for 45mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 2. 
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Figure A6.20- Comparison between non-linear post-cracking load-deflection curve 
for 55mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 2. 
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Figure A6.21 -Comparison between non-linear post-cracking load-deflection curve 
for 65mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 2. 
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Figure A6.22- Comparison between non·- linear post-cracking load-deflection curve 
for 75mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 2. 
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Figure A6.23 -Comparison between non-linear post-cracking load-deflection curve 
for 85mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 2. 
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Figure A6.24- Comparison between non-linear post-cracking load-deflection curve 
for 95mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 2. 
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Figure A6.25- Comparison between non-linear post-cracking load-deflection curve 
for 45mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 3. 
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Figure A6.26- Comparison between non-linear post-cracking load-deflection curve 
for 55mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 3. 
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Figure A6.27- Comparison between non-linear post-cracking load-deflection curve 
for 65mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 3. 
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Figure A6.28 -Comparison between non-linear post-cracking load-deflection curve 
for 75mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 3. 
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Figure A6.29- Comparison between non--linear post-cracking load-deflection curve 
for 85mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 3. 
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Figure A6.30- Comparison between non-linear post-cracking load-deflection curve 
for 95mm thick RD panels from experiments and 10,000 data point from 10,000 MCS 
analyses or concrete mix set 3. 
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CHAPTER 7 
POST-CRACKING BEHAVIOUR OF FIBRE REINFORCED SHOTCRETE 
BEAMS 
7.1. INTRODUCTION 
For the simple tunnel profiles with smooth walls and predictable loads, the 
expected failure mechanism and levels of residual load are relatively easy to predict. 
In these cases, the ASTM C-1018, EFNARC, centrally loaded beam tests are 
potentially useful to predict load resistance (Bernard 1999a). 
For beams, post-cracking behaviour can be assessed in terms of the 
relationship between the moment and crack rotation. The ASTM C-1018, JSCE SF4, 
EFNARC, and centrally loaded beam tests are available to assess the post-crack 
performance. However, the structural relevance, reliability and cost of specimen 
production are often questionable. Compared with the round determinately supported 
panel test, the beam tests are of less structural relevance and lower reliability. The 
evidence in reliability can be seen from the experimental data shown in Chapter 3 and 
6. The beam data always produced results with a coefficient of variation much larger 
than that of the panels. In some complex tunnel profiles, the structural relevance of 
beams to irregular linings is not clear and modelling of the failure mechanism is 
difficult. The panels suffer a combination of shear, flexural and membrane action 
when the distributed or concentrated load applied. In this case, the choice of a panel 
test is better than beams. The FRS beam specimens cannot be produced by spraying 
concrete directly into moulds and they therefore have to be cut from larger panels. 
The cutting can produce the tolerances to the required dimensions. The cutting and 
preparation to the final dimension is expensive. 
The advantage of the panels over beams in reliability of post-cracking results 
can lead the use them as information input in the numerical studies. Therefore, the 
post-cracking load-deflection relations of the panels can be used in numerical 
analyses to assess the structural behaviour of FRS. In the last Chapters, the semi-
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theoretical study using yield line method was undertaken to predict the post-crack 
behaviour of a RD panel based on the post-crack information from the beam test. A 
similar task in Chapters 4 and 5 is that the structurally relevant and reliable 
information available from the panel can be used in numerical analysis to model the 
post-crack behaviour in beams. 
The objective in this investigation is to predict the non-linear post-cracking 
moment-crack rotation relation of a FRS beam based on a non-linear post-cracking 
load-deflection relation from FRS panels made from the same concrete mix. The 
moment-crack rotation of the beam is estimated using a non-linear yield line model 
that accounts for strain softening in the FRS RD panel. 
This is similar to the work in the preceding Chapters. However, the purpose in 
this Chapter is to obtain the munerical post-crack load-displacement relationships of 
beams based on the reliable post-crack load-deflection relationships of RD panels. 
7.2. YIELD LINE ANALYSIS 
7.2.1. Yield line analysis of the Beam and Panel 
The yield line analysis of the round determinately supported panel was 
described in Chapter 4. Four yield line patterns of failure were presented. The last 
pattern of three radial yield lines was analysed to derive the moment-crack rotation 
relation. As shown in the expression (4.15), 
Or, 
R P = 8 (rr~B1 + ~nz82 + ~83 ) 
P8 ~~e~ + ~~e2 + ~e3 = R (7.1) 
The three-yield line pattern presents three different positions of the yield lines 
therefore the angle of crack rotation at each yield line may differ from the other two. 
The corresponding residual moments at each yield line are therefore not necessary the 
same even if the properties of the FRC are uniform at all locations. This means that 
equation (7 .1) has three unknown moment capacities. 
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For simplicity, three yield lines in the panel are assumed to have the same 
position as shown in Figure 7.1. The crack angles of the yield lines are assumed to 
equal y. Note that the angle between any two yield lines in this case is 120 degrees. 
The expression (7.1) can be rewritten as: 
P8 
m=--
3R(} (7.2) 
The relation between the crack rotation and central deflection was shown in 
(4.53) to be: 
Or, 
(} = 2a tan( J38 l 
2rcos y ) 
2 \~~)&:)_. ------~~.. ----~_J __ 
I ···, 
I ' 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
(7.3) 
support 
fold line 
Figure 7.1 - Pattern of three radial yield lines at equal angles for a round 
determinately supported panel. 
From (7.2) and (7.3), we can obtain the post-cracking moment-crack rotation 
relation as: 
2P [(}J m = r;; rcosytan -
3-v3R(} 2 
(7.4) 
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( ej e 
In the case of a small crack rotation, tanl2) :::: 2 
Therefore, the expression (7.4) can be written as: 
p 
m::::~rcosy 
3-v3R 
(7.5) 
The expression (7.5) indicates that for a given P, the required resistance 
moment m is maximum when the crack angle y:::: 0 degree. 
The yield line analysis can be applied to the beam with the load applied at the 
mid span (see Figure 7.2). 
8/2 
L __ _ 
I I 
-------1---- ------t-------
1 1 
8 
~---------------L----------
Figure 7.2- Centrally loaded beam after failure. 
The internal and external energy of the beam after cracking is: 
where: 
Uint::::m8 
Pb: the applied load at the mid span of the beam. 
8t: the deflection at the mid span of the beam. 
Applying the virtual work theorem, Uint:::: Uext, hence 
(7.6) 
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By the geometrical relation, we have: 
tan[~)~~" 
where: Lis the span of the beam. 
From (7.6) and (7.7), we can have: 
2m8 pb = ---,--.,-[tan(~) 
(7.7) 
(7.8) 
The post-crack relation between the central applied load of the beam and panel 
can be obtain from (7.4) and (7.8). Therefore, 
P, =(4rcosy lp 
b 3/3RL) (7.9) 
where: Pis the applied load at the centre of the panel. 
7.2.2. Numerical Analysis 
The numerical analysis developed here is based on a step-wise analysis of 
post-crack behaviour in beams. For each increment of crack rotation, the central 
deflection was calculated based on the expression (7.3). The load applied at the centre 
of the panel can be found from the load-deflection relation in the panel test. The 
virtual work theorem is then used to solve for the post-crack moment resistance of the 
beam. 
The Weibull distribution function for the crack angle y obtained in Chapter 6 
is used in a MCS to simulate the crack angles in the yield line analysis. The pattern of 
three radial yield lines at equal angles for a round determinately supported panel is 
only undertaken, therefore, only one random number is generated on the interval (0, 1) 
and then conversed to the crack angle of 0 degree to 60 degrees. 
The structure of the program is described in Figure 7.3. The program was 
written using Lahey Fortran F77L source code which is present in the second volume. 
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Input beam and panel dimensions 
~ 
Input the number of iteration m 
Star i =l 
~ 
Generate random number Vi 
.. Calculate crack angle }'i .... 
~ 
Select the panel test data to obtain 
the load-deflection relation 
~ 
Determine the cracking moment 
~ 
I Impose the rotation of the yield line I 
~ 
Calculate the central deflection of the panel 
~ Increase crack 
1 Look up load resistance of the panel I rotation 
~ 
I Determine moment resistance using virtual work equation ~ 
~ 
I Save the result of the ith moment-crack rotation response 
• I . . l L ... l = l + I"" 1 es ~ Check i < m ? I 
Not 
!output results I 
Figure 7.3- Structure and operation of numerical code for the estimation of post-crack 
behaviour using yield line theory. 
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7.3. RESULTS 
The experimental results of load-deflection and moment-crack rotation curves 
of the panel and beam specimens for four concrete sets were described in Chapter 3. 
The fitted curves describing the load-deflection relations were used as the input in the 
numerical analysis. The fitted curves describing the moment-crack rotation were used 
to compare the numerical solution. Note that only the post-cracking relations are used 
in the analysis and the pre-crack displacements were subtracted from the record. 
The results of moment-crack rotation relations in the case of crack angle y = 0 
degree for concrete mix set 1 are shown in Figure 7.4. The other results for all 
concrete sets are presented in the Appendix 7. 
The numerical results are obtained from the 10,000 MCS analyses of four 
concrete mixes. The results for the cracking moments using the equation (7.5) are 
presented in Table 7.1. 
Set 
1 
2 
3 
4 
Table 7.1- Comparison of experimental and semi-theoretical cracking moment 
capacities in 10,000 MCS runs using the expression (7.5). 
MCS Experimental 
Cracking Cracking Experiment 
Moment (Nm) Moment (Nm) /Theory 
Mean SD COY(%) Mean SD COY(%) Mean SD COY(%) 
699 46.85 6.70 888 54.86 6.18 1.27 1.17 0.92 
567 40.01 7.06 681 53.34 7.83 1.20 1.33 1.11 
750 51.91 6.92 969 65.19 6.73 1.29 1.26 0.97 
732 50.88 6.95 987 83.80 8.49 1.35 1.65 1.22 
The result of 10,000 points describing the moment-crack rotation in MCS 
analysis for concrete mix set 1 was shown in Figure 7.5. Note that the black curves 
represent the fitted curves to the moment-crack rotation relations developed from 
centrally loaded beam tests. Figure 7.6 illustrates the frequency distribution of 
cracking moment of concrete set 1 from 10,000 MCS analyses. The mean cracking 
moment of 699 (Nm) and the standard deviation of 46.85 (Nm) are shown in the 
graph. Figure 7.7 demonstrates the values of cracking load versus the number of MCS 
runs. All the results for the four concrete sets are presented in the Appendix 7. 
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Figure 7.4- Comparison between moment-crack rotation curves for the beams from 
experiment and numerical analyses (crack angles r= 0 degree) for concrete set 1. 
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Figure 7.5- Comparison between moment-crack rotation curves for the beams from 
experiment and 10,000 data points from 10,000 MCS analyses for concrete set 1. 
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Figure 7.6- The frequency distribution of cracking moment capacity from 10,000 
MCS analyses for concrete set 1. 
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Figure 7.7- The graph of the mean cracking moment capacities four sets of concrete 
against the number of simulations. 
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Figure 7.8- The frequency of crack angles from 10,000 Weibull random 
numbers generated. 
7.4. DISCUSSION 
It is apparent that the numerical result always under-estimates the cracking 
moment found in the beam tests. In the immediate post-crack range from 0 to 0.05 
radians, the numerical results over estimate the residual moment capacity found in the 
test results. It is also clear that the crack angles have an influence on the post-crack 
moment-crack rotation relations. The magnitude of the cracking moments tend to a 
constant value when the number of simulations is large (see Figure 7.7). The 
explanation for the difference between the experimental and numerical results is the 
same as presented in Chapters 4 and 5. 
In the graphs describing the frequency distribution of cracking moments (see 
Appendix 7), the values of frequency increase with the increase in cracking moment 
while the frequency of crack angle y decrease when the crack angle y is larger. The 
reason is that the cracking moments determined using the expression (7.5) is inversely 
proportional to the value cosy. 
The relation between residual load capacity in the beams and the panels is 
described by the expression (7.7). Therefore, the post-crack central load-deflection 
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response of a beam can be predicted using the post-crack load-deflection of a panel, 
but a reliable relation requires a significant number of panels to generate consistent 
input data. 
7.5. SUMMARY 
The numerical results using the post-cracking panel data agreed with the 
experimental results from the beam test (see Figure 7.4 or Appendix 7.1). The study 
demonstrated that that there is good correlation between the centrally loaded beam 
and RD panel. As shown in Figure 7.5, the post-crack load capacity-displacement 
relations in the beams and panels can be well modelled using yield line analysis. 
This investigation responded the question that if the predicting non-linear 
post-crack behaviour of FRS beams using FRS RD panel results can be undertaken. 
This is a question which is come from some shotcrete engineers when they know that 
the post-cracking behaviour of RD panels can be assessed using the beam results. In 
this study, it can be seen in Table 7.1 that yield line theory has a potential to analyse 
the post-crack behaviour of FRC and FRS beams and panels. 
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APPENDIX7 
MOMENT -CRACK ROTATION RESPONSE FROM MCS ANALYSIS 
The numerical results presented for 10,000 MCS runs modelling the four 
concrete sets included the output of data points of moment-crack rotation and 
frequency of cracking moments. The black thick curves represent for the fitted curves 
from experimental data and used to compare with the numerical results. 
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A7.1. MOMENT-CRACK ROTATION RESPONSE 
SET 1 
1000-
900 
800- Theory 
700 
,-.._ 
i 600 
'._/ 
;::: 500 
<1) 
s 400 0 
::;8 
300 
200-
100-
0 -
0 0.05 0.1 0.15 0.2 
Crack Rotation (Radian) 
Figure A7.1- Comparison between moment-crack rotation curves for the beams from 
experiment and numerical analyses (crack angles y= 0 degree) for concrete set 1. 
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Figure A 7.2- Comparison between moment-crack rotation curves for the beams from 
experiment and 10,000 data points from 10,000 MCS analyses for concrete set L 
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Figure A7.3- Comparison between moment-crack rotation curves for the beams from 
experiment and numerical analyses (crack angles y= 0 degree) for concrete set 2. 
800 
700-
600 
s 500 ., z 
'._/ 
'""' 400 ~d) 
s 
0 300 ~ 
200 
100 -
0 -
0 0.05 0.1 
CrackRotation (Radian) 
. Mcs! 
--Expe~~ 
0.15 0.2 
Figure A7.4- Comparison between moment-crack rotation curves for the beams from 
experiment and 10,000 data points from 10,000 MCS analyses for concrete set 2. 
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Figure A 7.5 -Comparison between moment-crack rotation curves for the beams from 
experiment and numerical analyses (crack angles y= 0 degree) for concrete set 3. 
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Figure A7.6- Comparison between moment-crack rotation curves for the beams from 
experiment and 10,000 data points from 10,000 MCS analyses for concrete set 3. 
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Figure A 7. 7 - Comparison between moment-crack rotation curves for the beams from 
experiment and numerical analyses (crack angles y= 0 degree) for concrete set 4. 
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Figure A7.8- Comparison between moment-crack rotation curves for the beams from 
experiment and 10,000 data points from 10,000 MCS analyses for concrete set 4. 
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A7.2. FREQUENCY OF CRACKING LOAD CAPACITY IN RD PANELS 
SET 1 
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Figure A 7.9- The frequency distribution of cracking moment capacity from 10,000 
MCS analyses for concrete set 1. 
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Figure A 7.10- The frequency distribution of cracking moment capacity from 10,000 
MCS analyses for concrete set 2. 
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Figure A 7.11 -The frequency distribution of cracking moment capacity from 10,000 
MCS analyses for concrete set 3. 
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Figure A7.12- The frequency distribution of cracking moment capacity from 10,000 
MCS analyses for concrete set 4. 
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CHAPTERS 
SUMMARY AND CONCLUSION 
8.1. APPLICATION OF BEAM AND PANEL TESTS IN TUNNEL LINING 
DESIGN 
Tunnel lining design requires knowledge of geology, ground behaviour, 
structural mechanics and the constitutive behaviour of the 1ining material, not to 
mention an unquantifiable amount of experience. The cross section of a tunnel is often 
an arch which is supported by shotcrete and rock bolts. The load applied to the tunnel 
lining often originates from the situation in which a rock mass block squeezes out 
from the rock matrix or the rock is loosened. Having said this, Hagedorn and Wei 
(2001) suggested that the first step in tunnel lining design is to analyse the risks, 
hazards and consequences. The seven listed hazards are defined as small rock fall, 
large unstable rock wedges, rock bursts and spalling, large deformation and high 
ground pressure, instability of face, faults zone and ingress of high pressure 
groundwater. These can cause serious consequences such as damage to equipment, 
danger to life, and may occur without warning and thus can be considered high risk. 
Note that a combination of hazards may occur. 
After analysing the consequences and risks, the structural options against these 
hazards must be considered. These may consist of shotcrete reinforced with fibre or 
with wire mesh, steel arches, lattice girder or steel profile in the roof or system grid of 
anchors. These options are normally assessed based on costs, feasibility and 
reliability. 
In tunnel lining design, the initial lining is designed to ensure safe working 
conditions during construction. This initial lining can include shotcrete and rock bolts 
after which the permanent linings may then be established. The final lining can 
consist of the initial lining only or a combination with other supports. The design of 
the final lining is normally based on the deformation behaviour of primary support 
(Hagedorn and Wei 2001). 
206 
The methods for lining design are selected based on the mechanisms of 
deformation and failure, and the interaction between ground and supports with the 
load originating from the sources mentioned above. A lining can be overloaded, 
causing cracking of concrete matrix. It must then be capable of redistributing the load 
to other parts. In order to do this, it must exhibit a degree of post-crack load capacity 
(this characteristic is defined as the toughness parameter). In this thesis, the tests that 
have been established for the FRC and FRS beams and panels become relevant. These 
relate the same thickness, fibre type and concrete mixes to the linings in order to 
assess the post-crack behaviour of the specimens based on the post crack load-
deflection or moment-crack rotation relationships. 
The purposes of the beam, panel and cylinder tests are to provide the 
specifications for FRS linings such as compressive strength, flexural strength, 
minimum fibre dose rate and assessing the real performance of FRS. According to the 
Norwegian Concrete Association (1993), the concrete toughness, flexural tensile, 
compressive and shear strength are of major importance. However, there are no 
design models which can relate to these parameters. The design approach relied upon 
is the Q-system rock mass classification and support recommendations, modified to 
include SFRS toughness developed by Barton et al (1974). 
Morgan et al (1990) does not give any guide to the use of FRS or toughness 
parameters to tunnel lining design. However, again Morgan (1998) proposed a 
method of using FRS according to his template approach for Toughness Performance 
Level (TPL). TPL I, II, III and IV represent the increasing levels of FRC toughness 
and the use of increasing fibre volume. TPL IV is suitable for severe ground 
movement with cracking of FRS linings or squeezing ground. The supports include 
rock bolts or cable bolts or a combination of these. TPL III is suitable for low rock 
stress and movement in the tunnel and the cracking of FRS linings is deemed minor. 
TPL II is appropriate when the stress and movement causing the cracking of FRS 
linings is low. The smaller level the smaller amount of fibre percent is used. 
Hans et al (1986) described the analogy between tunnel linings and slab and 
beam tests (see Figure 8.1). The tests were undertaken to obtain the compressive 
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strength, flexural strength, fracture energy and assessing steel FRS. However, there is 
no guide about shotcrete lining design. Note that EFNARC (1996) and Australian 
Concrete Society (1999) do not provide any guide on FRS lining design. 
l I I I l I 
Circular Slab Test 
with Fixed Support 
Applied Load 
Shotcrete Lining 
One-Way Slab Test 
with Fixed Support 
Figure 8.1 -Analogy between a shotcrete lining and the beam and slab tests. 
In summary, the toughness (represented by post-crack behaviour) is used to 
characterise FRS. The toughness can be obtained using the RD panel test which may 
be considered as the most suitable test for FRS assessment. The toughness values can 
be considered in the approach to FRS lining design based on Q-System developed by 
Barton et al or template method by Morgan. 
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8.2. SUMMARY 
In recent years, sprayed concrete has been used to equip modern tunnel 
construction with a fast, cost effective lining system. The development of sprayed 
concrete has been continued and centred on sprayed concrete equipment, mix design 
methods, testing methods, and lining design. An experimental and numerical 
investigation of the FRS beams and panels has been carried out here in order to 
understand the behaviour of these FRS specimens. The experimental and numerical 
investigation can be used to improve design methods for FRS tunnel linings and other 
similar applications. A large amount of the beam and panel specimens were collected 
and tested in order to provide enough reliable data for the numerical analyses and 
assess the behaviour of FRS. In this investigation, the numerical analyses of the FRS 
panels are based on yield line theory in order to model the non-linear post-crack 
behaviour of the beam and panels. In this theory, the yield line pattern of failure is 
important to energy absorption and must be determined. The analyses using the yield 
line method can be incorporated with MCS analysis to model the crack positions in 
the panel. The most difficult aspects of yield line analysis are: 
-Finding a suitable experimental method based on equivalent beams to obtain 
the moment-crack rotation relationship required to model the panels. The first step in 
this investigation was to review the various experimental methods currently used. 
- The method of producing, preparing and curing the beam and panel 
specimens have to be the same in order to assure the relevance between beams and 
panels i.e. both have to be wet when tested. 
The right selection of the centrally loaded beam and RD panel tests and the 
method of curing the specimens are the main conditions, which have led to good 
matches between the experimental and numerical results. The centrally loaded beam 
test was used to describe the post-crack moment-crack rotation relationship. In this 
test, the crack is located close to the central point of the beam and the moment-crack 
rotation relationship thereby generated has a direct structural relevance to FRS 
behaviour in linings. The moment-crack rotation relationship in a centrally loaded 
beam test was successfully applied using the yield line method to obtain the non-
linear post-cracking load-displacement relationships of the panels. The reliable results 
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of RD panel tests are also intended to assess the post-crack behaviour of FRS and 
FRC beams. 
8.2.1. Literature Review 
In Chapter 2, a survey on the FRC and FRS material has been done on the 
properties, fibre types, and the development and application of these materials. The 
brief reviews of standard testing methods were presented in order to assess the 
advantages and disadvantages of different procedures in the beam and panel tests. The 
centrally loaded beam test and the RD panel test were selected as the most suitable 
test in modelling FRS behaviour. 
Steel and polypropylene fibres with hooked and enlarged ends, crimped and 
straight shapes were chosen because of good durability and performance compared to 
other fibres. 
Yield line theory is also reviewed to show the origin and capability of the 
theory in reinforced concrete design. It was concluded that yield line theory is well 
suited for evaluating the post-cracking behaviour of the FRC beams and panels. 
8.2.2. Experimental Program 
FRC and FRS structures do not have the same concrete m1xes or test 
procedures as Portland cement concrete used for normal reinforced concrete 
structures. The behaviour after cracking of FRC and FRS has been the main concern 
of this thesis. The experimental procedures, testing methods, formwork, mix designs 
and fibre types were described in detail in Chapter 3. The FRS RD panel tests were 
selected because their performance is widely used as quality assurance tools, and the 
centrally loaded FRS beam tests were chosen because the crack position is located 
near the point of load, and the experimental result is a moment-crack rotation relation. 
These tests were obtained to achieve the strain softening behaviour of the FRC 
and FRS specimens. Four sets of concrete mixes with seven different fibre types are 
believed to be sufficient to represent most post-crack performance of FRC and FRS 
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specimens and all of them have showed strain-softening behaviour (see Figures 3.12 
to 3.19 in Chapter 3). This was contrary to expectation for the fourth set of mixes. The 
data collected were used to describe the characteristics of beams and panels and used 
as the input in numerical work and for comparison with the semi-theoretical results. 
The curve fitting and data analyses were done in order to assess the variation 
of the experimental data as well as the behaviour of the beams and panels. 
8.2.3. Post-Cracking Behaviour of Round Determinate Supported Panels 
A further review of the yield line theory is provided in Chapter 4, including 
details of including the assumptions used and a description of the virtual work 
theorem are provided in Chapter 4. Some yield line patterns of failure are examined to 
determine the cracking load. In the case of three-yield line pattern, the equilibrium 
load is smallest; therefore, it governs the behaviour. 
The purpose of using yield line analysis was to predict the non-linear post-
crack relationship between the load and central deflection in the panels. The patterns 
of failure have to be determined in order to obtain the cracking load capacity. The 
moment-crack rotation angle obtained from beam tests on the same concrete mixes 
were used as the input to these analyses. The analysis is done in a step-wise manner to 
change the moment of the beam offered by each of yield lines as the crack rotation 
angle increases. 
Good correlation was obtained between experiment and theory, which 
indicated the excellent potential for the yield line method to be used in design and 
evaluation of FRC and FRS if strain softening is accounted for. 
8.2.4. Effect of Crack Position on Behaviour of Round Determinate Supported 
Panels 
The distribution function of crack positions in RD panels was fitted based on 
the data collected from a series of experimental work of some different kinds of panel 
tests which is provided in the Appendix of Chapter 5. 
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The Weibull distribution function was found to best represent the crack 
positions. The function was used in the yield line analysis which was incorporated 
into a MCS method to model the crack positions in RD panel. The point data 
describing the relation between load and deflection were obtained in this analysis. The 
outcomes in Chapter 5 are the MCS results of non-linear post-crack load-central 
deflection of the RD panels and cracking load capacities of four sets of concrete. 
Based on the companson between experimental and numerical results in 
Chapter 5, it is concluded that the MCS results provided a good prediction of non-
linear post-cracking behaviour of FRS RD panels and the variation of the crack 
locations causes a variation of the load-deflection relationship of the panels. 
8.2.5. Effect of Thickness on Behaviour of Round Determinate Supported Panels 
The experimental data of the beam and panel specimens for different thickness 
of three concrete sets were presented in Chapter 6. The cracking moment and load 
capacities increase significantly with the increase of thickness. The moment-crack 
rotation and post-crack load-deflection relationships of the thicker beam and panel 
specimens showed better post-crack performance than those of the thinner specimens 
(see Appendix 6.1). The investigation showed that the behaviour of the specimen is 
very sensitive to the thickness. 
Curve fitting was undertaken using the above data. The expressions of fitted 
curves for different thickness of each concrete set represented the characteristic 
mathematical relationships between moment and crack rotation of the beams, and load 
and central deflection of the panels. They were used in the numerical analyses and 
comparison between experimental and numerical results. 
The yield line analysis was confirmed using the experimental data of the beam 
and panel specimens for different thickness. The numerical results based on yield line 
analysis taking into account of the variation of crack positions and the variation of the 
specimen thickness showed a good estimation of the non-linear post-crack behaviour 
of the panel. The experimental and numerical results describing the load-thickness 
relationships in the panels are also matched. 
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8.2.6. Post-Cracking Behaviour of Fibre Reinforced Shotcrete Beams 
In order to further validate the work based on panel specimens, the behaviour 
of beams was studied in Chapter 7. Similar work to the preceding Chapters was 
undertaken to model the post-cracking behaviour of beams using the most reliable 
post-cracking results from the earlier RD panel test. 
The agreement between the testing and numerical results confirmed that there 
is a good relevance between the centrally loaded beam and RD panel and the panel 
results can be used to model the post-cracking behaviour of the beams. This 
investigation enhanced the value of yield line theory which can be used to assess the 
non-linear post-cracking behaviour of FRC and FRS structures, particularly beams 
and panels. 
8.3. CONCLUSION 
The post-cracking behaviour of FRS beams and panels has been predicted 
using yield line analysis based on beam test data. The experimental results of the 
beam and round determinately supported panels showed the strain-softening 
behaviour for FRC and FRS. 
The results of the RD panels obtained from numerical analysis are matched to 
the experimental results. The centrally loaded beam test is a suitable test to assess the 
moment-crack rotation relationships. 
The yield line methods are capable of predicting the post-cracking behaviour 
of FRC and FRS panels. The method applied has not really produced good estimates 
of cracking load. The accuracy and agreement were limited by the methods of testing, 
the correlation between beams and panels, and the behaviour of the yield line method. 
The numerical analyses in this investigation can be considered as an extension 
of yield line theory in predicting post-crack behaviour of structures, particularly strain 
softening behaviour of FRS panels. The yield line analyses can be considered as a 
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contribution of the original work of Johansen (1972). The success in the numerical 
studies is an important step toward the target of modelling shotcrete lining. 
Post-crack performance is critical in the assessment of ultimate strength of 
tunnel linings, and this thesis outlines a means of determining post-crack behaviour of 
panels based on simple tests using equivalent beams. This information can be used to 
optimise concrete mixes and fibre types for improved ultimate performance. 
8.4. SUGGESTION FOR FUTURE RESEARCH 
The analyses in this thesis have g1ven the author some ideas for further 
research, which may be summarised as follows: 
In Chapter 6, the effect of thickness on behaviour of the FRS panel has 
been done, however the effect of diameter of RD panel is ignored. 
Therefore, it needs to be investigated. 
In the thesis, the numerical post-crack load-deflection relationships 
have been obtained only based on the mean moment-crack rotation 
relationships using yield line method. The variation of moment-crack 
rotation relationships in the beam tests can influence on the load-
deflection relationships in the RD panels. The single MCS analysis 
considering the variation of moment-crack rotation needs to be done to 
consider this effect on the post-crack load-deflection relationships. The 
double MCS analysis considering the variation of crack locations and 
moment-crack rotation then have to be investigated. 
In tunnels, the shotcrete linings are normally exposed to conditions 
such as water loss, change of temperature and humidity and loading 
age. These conditions can change the basic engineering properties of 
the material. An investigation on creep and shrinkage of FRS 
specimens is considered as the next step in further characterisation of 
material behaviour. 
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